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We introduce spatial spillovers as an externality in the production function of competitive
firms operating within a finite spatial domain under adjustment costs. Spillovers may
attenuate with distance and the overall externality could contain positive and negative
components with the overall effect being positive. We show that when the spatial
externality is not internalized by firms, spatial agglomerations may emerge endogenously
in a competitive equilibrium. The result does not require increasing returns at the private
or the social level, increasing marginal productivity of private capital with respect to the
externality, or location advantages. In fact agglomerations may emerge with decreasing
returns to scale, declining marginal productivity of private capital with respect to the
externality, and no location advantage. The result depends on the interactions between
the structures of production technology and spatial effects as shown in the paper. No
agglomerations emerge at the social optimum when spillovers are internalized and
diminishing returns both from the private and the social point of view prevail. Numerical
experiments with Cobb–Douglas and CES technologies and an isoelastic demand confirm
our theoretical predictions.

& 2014 Elsevier B.V. All rights reserved.
1. Introduction

A central result in the investment theory of the firm (Scheinkman, 1978) states that in a perfect foresight competitive
equilibrium where firms take the price function as given and face convex adjustment cost in net investment, each firm's
capital stock converges to a unique steady state which is independent of initial conditions. When firms are identical, all
firms will converge in the long run to the same stock of capital.

In this paper we examine whether in a perfect foresight equilibrium for a competitive industry operating in a finite
spatial domain with spatial interactions among firms, identical firms will end up with the same capital stock in the long run,
or whether agglomeration emerges. Spatial interactions among firms are expressed as a spatial externality which in general
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attenuates with distance. One way of interpreting spatial interactions is to consider them as knowledge spillover effects
from one firm to another. Knowledge spillovers are regarded as a positive intra-industry Marshalian externality which is
bounded in space, the main idea being that innovation and new productive knowledge flows more easily among agents
which are located within the same area (e.g. Krugman, 1991; Feldman, 1999; Breschi and Lissoni, 2001). Thus proximity is
important in characterizing spatial spillovers (Baldwin and Martin, 2004; Breinlich et al., 2013). We incorporate knowledge
spillovers by interpreting the capital stock of each firm in a broad sense to include knowledge along with physical capital
(e.g. Romer, 1986). Following Quah (2002) we assume that the effect of capital on each firm's output, at any given point in
time, does not depend just on the accumulated stock by the firm up to this time, but on capital accumulated in nearby
locations by other firms. Thus the spatial externality takes the form of a Romer (1986) externality where, by keeping all
other factors in fixed supply, output is determined by own capital stock and by an appropriately defined aggregate of capital
stocks of firms across the spatial domain. The capital stock aggregate is determined by a distance-response function2 that
measures the strength of the spatial spillover on the output of a firm in a certain location associated with the capital stock
accumulated by a firm in another location.

A positive distance-response function that attenuates with distance can be interpreted as reflecting knowledge
spillovers. A distance-response which is negative indicates a negative externality such as generalized congestion effects.
Thus, by combining a distance-response function, centripetal and centrifugal responses can be introduced. These forces are
localized in the sense that their strength – positive or negative – diminishes with distance.3

Our purpose is to study whether optimal investment policy by forward-looking competitive firms combined with
localized spatial spillovers generated from accumulated investment induces endogenous agglomerations and spatial
clustering of firms.

It is known that spatial clusters may appear with localized knowledge spillovers when there are increasing returns.
In this case the increasing returns activity concentrates to one location (e.g. Grossman and Helpman, 1991). Actually
increasing returns underlie the generation of centripetal forces that favor cumulative causation and thus spatial clustering
(e.g. Nocco, 2005). In our model the production function of each firm exhibits diminishing marginal productivity with
respect to own capital for any fixed value of the spatial externality. To put it differently, private returns to capital are
diminishing. The production function is strictly concave with respect to own capital and the spatial externality. That is, there
are diminishing returns with respect to the spatial externality, for fixed levels of own capital. However, increasing social
returns, in the sense of Romer (1986), are possible.

Our main result indicates that when diminishing returns from both the private and the social point of view prevail, then
endogenous agglomeration may emerge at a perfect foresight rational expectations competitive equilibrium (PF-RECE). This
agglomeration result does not require increasing returns at the private or the social level, increasing marginal productivity
of private capital with respect to the externality, or location advantages.4 In fact agglomerations may emerge with
decreasing returns to scale, declining marginal productivity of private capital with respect to the externality, and no location
advantage. The result depends on the interactions between the structures of production technology and spatial effects. The
emergence of agglomeration may lead to a long-run steady state for the competitive industry where the distribution of
capital stocks and outputs across space is not uniform On the other hand, at a social optimum (SO) where a planner fully
endogenizes spatial spillovers, agglomerations do not emerge and all firms converge to the same stock of capital irrespective
of location. The possibility of a potential agglomeration at a PF-RECE is related to the incomplete internalization of the
spatial externality by optimizing firms and the structures of the production technology and spatial interactions, while
the “no agglomerations” result at the SO stems from the full internalization of the spatial externality by a social planner and
the strict concavity of the production function.

Our contribution is twofold. First, we provide a conceptual framework that explains dynamic endogenous emergence of
spatial clustering in a competitive industry with optimizing forward-looking agents that do not require increasing returns to
scale. Our model includes only the spatial externality and not other features of economic geography models such as
transport costs, product differentiation or forward/backward linkages. We believe that this is a reasonable trade-off for
being able to study agglomeration emergence in a fully dynamic optimizing model. Second, we show how convexity
arguments and spectral theory can be used to study PF-RECE problems and SO problems in infinite horizon spatiotemporal
economies, by properly decomposing the spatial and the temporal behavior. We thus provide valuable insights regarding
the endogenous emergence (or not) of optimal agglomerations at a PF-RECE and the SO of a competitive industry.
2. Spatial externalities and adjustment costs

We consider an industry consisting of a large number of small firms with each firm located at point x of a one-
dimensional bounded spatial domain X ¼ ½�L; L�.5 We further assume that X is discretized, i.e., it is divided into N cells or
2 See Papageorgiou and Smith (1983) for an early use of distance-response functions.
3 This is consistent with Prager and Thisse's second law of geography that states that what happens close to us is more important than what happens

far from us (Prager and Thisse, 2012).
4 We assume that the spatial domain is a circle to avoid the creation of agglomeration by the boundary conditions at the edge of the domain.
5 Most of our results can be extended to general domains of characteristics X �Rd , dZ1.
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intervals Ii, i¼ 1;…;N, such that X ¼ [N
i ¼ 1 Ii. To save space we will denote by N≔f1;2;…;Ng and use the compact notation

iAN in lieu of i¼ 1;…;N.
At time tARþ and location xAX , each firm produces a single homogenous output yðt; xÞ. To simplify the model we

assume that the output is uniformwithin each cell, i.e. yðt; xÞ ¼ yiðtÞ for every xA Ii, so that the state of the system at time t is
given by a vector yðtÞ ¼ ðy1ðtÞ;…; yNðtÞÞARN . Local output yðt; xÞ is produced according to the production function f :Rþ �
Rþ-Rþ ; yðt; xÞ ¼ f ðkðt; xÞ;Kðt; xÞÞ, which is strictly increasing in both arguments and sufficiently smooth with
∂2f =∂k2; ∂2f =∂K2o0. The arguments are: (i) broadly defined local capital stock kðt; xÞ which includes knowledge that cannot
be patented in full, and (ii) a spatial aggregate Kðt; xÞ of the broadly defined local capital stocks Kðt; xÞ which incorporates
spatial externalities.6 Strict monotonicity implies that the spatial externality acts as a productive input, i.e. it is a positive
externality, while the assumption on the second derivatives implies that marginal productivities with respect to own capital
and the spatial externality are diminishing. Thus for any fixed K the marginal productivity of capital from the private point of
view is declining. Similarly for output, we assume that the inputs are uniform within each cell, so that kðt; xÞ is replaced by a
vector kðtÞ ¼ ðk1ðtÞ;…; kNðtÞÞARN , and similarly Kðt; xÞ is replaced by a vector KðtÞ ¼ ðK1ðtÞ;…;KNðtÞÞARN . Therefore, the
production at time t and at cell i is given by yiðtÞ ¼ f ðkiðtÞ;KiðtÞÞ.

The spatial externality K(t) plays the role of a productivity variable in a production function. The basic assumption is that
the externality at time t and spatial point i is a weighted average of the broadly defined capital stocks at neighboring sites
with weights declining with distance.7 The weights determine the distance-response function. Thus local capital stock at
each point j contributes to the total spatial spillover at site i according to a distance-response or weight function wij, and the
total externality at location i is

KiðtÞ ¼ ∑
N

j ¼ 1
wijkjðtÞ:

We also use the alternative compact notation K¼Wk where W ¼ ðwijÞ, i; j¼ 1;…;N, is an RN�N matrix. The rows of matrix W
are called the kernel associated with location i, or simply the kernel. If wij ¼ 0 for a pair (i,j) that means that location j does
not contribute at all to the total spillover at location i. Since the second law of geography suggests that distance is
fundamental in the determination of spatial effects, we write wij ¼wðji� jjÞ for some function w, indicating that spatial
impacts depend on distance and not on specific location. Note that the matrix W defines the connectivity of the “spatial
network”8 where the connectivity of sites 1 and N is related to the choice of boundary conditions. In order to eliminate the
possibility of agglomeration creation by the edges of the one-dimensional spatial domain ½�L; L�, periodic boundary
conditions are imposed so that we consider the network as situated on a circle. Then site 1 interacts with site N that is now
considered as its neighbor. We wish to emphasize that our analysis is valid for a general choice of networks, i.e., for a general
choice of matrix W. See Fig. 1 for an illustration of the network modelling the spatial economy. However, the choice of a
circle or a torus, for a two-dimensional spatial domain, eliminates the impact of boundary conditions on the formation of
spatial patterns, which means that if agglomerations emerge they are emerging endogenously and not because of boundary
conditions.

An important class of networks (equivalently connectivity matrices W) are those that satisfy the condition ∑jwij ¼w,
independent of the choice of i. We call such a coupling, diffusive type coupling. Thus diffusive coupling means that if the
capital stock is the same at all locations, say k, then the spatial externality will be wk which is the same for all locations.
Since our spatial domain is a circle, this assumption ensures that any agglomeration emergence is endogenous and not the
result of boundary conditions or a location advantage for a specific site.

The spatial externality Ki(t) will have different interpretations in different contexts. If Ki(t) embodies a type of knowledge
which is produced proportionately to capital usage, it is natural to assume that the distance-response function wij,
considered as a function of ζ¼ i� jwhich expresses a positive externality, is single peaked and bell-shaped with a maximum
at ζ¼0, and of possibly sufficiently fast decay to zero for sufficiently large jζj. If the spatial externality Ki(t) embodies
damages to production at (t,i) from usage of capital at (t,j), then a composite externality can be created with wij ¼w1

ijþw2
ij.
9 If

wij
1
is a bell-shaped positive externality and wij

2
is an inverted bell-shaped negative externality, which also decays to zero as

jζj becomes large, then non-monotonic shapes of wij are possible with, for example, a single peak at ζ¼0 and two local
minima located symmetrically around ζ¼0, with negative values indicating negative externality to production at i from
usage of capital at j. Examples of such kernels are given in Section 6.1 and in Figs. 2 and 8. We assume throughout the paper
that in the case of either single or composite externality, the overall effect is positive, that is, w40. A production function
incorporating these externalities could be considered as a spatial version of a neoclassical production function with Romer/
Lucas externalities modelled by geographical spillovers given by a Krugman (see e.g., Krugman, 1996) or Chincarini and
Asherie type specification (see e.g. Chincarini and Asherie, 2008). Throughout the paper we also assume that wii40, so that
own effects and aggregate effects from the spatial externality are positive.
6 To simplify the exposition we assume that all other factors of production are in fixed supply.
7 See for example Lucas (2001) or Lucas and Rossi-Hansberg (2002) for a similar type of externality where the productivity variable is defined as the

average of employment at neighboring sites.
8 If, for example, wij ¼ δj;iþ1þδj;i�1�2δj;i , where δi;j is the Kronecker delta (δii ¼ 1, δij ¼ 0, for all ia jÞ, we have a linear connectivity of the knowledge

network, according to which site i interacts only with sites iþ1 and i�1.
9 See also Papageorgiou and Smith (1983) for more details regarding composite distance-response functions.
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Net investment in each location i is given by the derivative with respect to time, k0, of the vector valued function
k:Rþ-R\N . The firm faces the cost of changing the capital stock, which is a function of net investment k0. This adjustment
cost at time t and location i is expressed by a quadratic adjustment function CiðtÞ ¼ ðα=2Þðk0iðtÞÞ2, α40. Capital stock
depreciates at the same rate η in all locations.

The output of the firms is sold at a market price determined by a demand function D:Rþ-Rþ

pðtÞ ¼DðQ Þ ¼DðQ ðk;KÞÞ; D40;D0r0 ð1Þ

Q≔Q ðk;KÞ ¼ ∑
N

i ¼ 1
f ðkiðtÞ;KiðtÞÞ: ð2Þ

The k and K dependence is stated explicitly to emphasize that D can be understood as a functional D:RN � RN-R. That is,
given a vector k of capital stocks across locations and a kernel W ¼ ðwijÞ, i; j¼ 1;…;N, we obtain K¼Wk, and calculate the
total output Q that determines p.

We are assuming a large number of identical small firms in the spatial domain X and identical agents at each cell Ii of X .
The nature of a positive spatial externality can be described in the following way. Firms produce a specific output along with
knowledge related to the production processes which may increase productivity. Small firms and agents in each cell take the
actions of the other firms at each location as given and beyond each firm's and agent's control within each location as well
as across each location. Not all in-house knowledge is patented, so the public knowledge generated by the firms is combined
together and creates an external knowledge aggregate that helps producers to increase their productivity. From the point of
view of a certain location, the contribution of other locations to this knowledge aggregate attenuates with distance. The
agents are however myopic and when they accumulate new knowledge they do not take into account their own
contribution to this aggregate, but consider the aggregate as fixed and beyond their own control. This is a positive spatial
externality.10 A social planner who is not myopic realizes however that knowledge accumulation in each firm increases the
knowledge aggregate, and benefits the productivity of each firm in the spatial domain.

Therefore, small agents in cell i optimize without taking into account own contribution as well as other agents'
contributions within the cell and across locations on the aggregate externality Ki, taking thus the aggregate level of
Ki affecting their cell as given. The assumption that each agent treats Ki as given could be rationalized in a model with a
continuum of agents. Here we make the usual approximation of a large but finite number of small agents. Assuming
furthermore perfect capital markets and that the unit price of capital is q, independent of time, the objective of a firm
located at iAN is to maximize the present value of profits by considering spatial spillovers as exogenous Ki ¼ Ke

i . The firm's
problem can be written as

max
k0i

Z 1

0
e� rt p tð Þf ki;K

e
i

� ��α

2
ðk0iÞ2�q k0iþηki

� �h i
dt ð3Þ

kið0Þ ¼ ki0; kiðtÞZ0; iAN : ð4Þ

In this set-up we define the industry equilibrium and derive conditions under which endogenous spatial clustering could
emerge.
10 A negative externality and a composite externality can be described in a similar way.
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3. Industry equilibrium and social optimum

Following Lucas Jr. and Prescott (1971), Brock (1974), and Brock and Scheinkman (1977), we define a perfect foresight
rational expectation competitive equilibrium (PF-RECE) as the price function pðtÞ given by (1) where kiðtÞ solves (3) for all
iAN with optimality conditions evaluated at Ke ¼Wk. If the price path pðtÞ is predicted by the competitive firms, this path
will result in an aggregate output Q over the whole spatial domain such that the market is cleared at each t by pðtÞ.

The long-run properties of the industry equilibrium can be obtained by exploiting the concept of maximization of
consumer surplus, that is the area under the demand curve (Lucas Jr. and Prescott, 1971; Brock, 1974; Brock and Scheinkman,
1977), which in the present model can be defined by

Sðk;KÞ ¼
Z Qðk;KÞ

0
DðsÞ ds: ð5Þ

Using the concept of consumer surplus, we consider two optimization problems leading to two different concepts of
equilibrium:
(A)
 The problem of maximizing consumer surplus when firms regard knowledge spillovers as exogenous, that is when they
do not internalize the spatial externality and they set KiðtÞ ¼ Ke. This problem is defined as

max
k0

Z 1

0
e� rt S k;Ke� �� ∑

N

i ¼ 1

α

2
ðk0iÞ2þq k0iþηki

� �h i( )
dt: ð6Þ

The solution to this problem determines the PF-RECE.

(B)
 The problem of maximizing consumer surplus when a social planner fully internalizes the spatial externality, which is

defined as

max
k0

Z 1

0
e� rt S k;Wkð Þ� ∑

N

i ¼ 1

α

2
ðk0iÞ2þq k0iþηki

� �h i( )
dt: ð7Þ

The solution to this problem determines the SO.
The Euler equations for these two problems can be obtained in a straightforward manner, using the Pontryagin
maximum principle. For problem (6), by setting k0iðtÞ ¼ uiðtÞ, the current value Hamiltonian is

H k;u; μð Þ ¼ S k;Ke� �� ∑
N

i ¼ 1

α

2
ðuiÞ2þq uiþηkið Þ

h i
þ ∑

N

i ¼ 1
μiui ð8Þ

with optimality conditions

ui ¼
μi�q
α

¼ k0i ð9Þ

μ0i ¼ rμiþqη� ∂
∂ki

S k;Ke� � ð10Þ

and transversality conditions at infinity

lim
t-1

e� rt ∑
N

i ¼ 1
μiðtÞkiðtÞ ¼ 0: ð11Þ

Using k″i ¼ μ0i=α from (9) and substituting into (10) we obtain the Euler equations:

k″i �rk0iþ
1
α

∂Sðk;KeÞ
∂ki

�q rþηð Þ
� �

¼ 0; iAN : ð12Þ

Thus each firm treats the spatial externality Ke as parametric when deciding about its investment decisions. However the
actions of all firms generate the “actual” value of the realized spatial externality which is Wk. Equilibrium requires that the
spatial externality be consistent with the level that is assumed when firms make decisions about k. Thus in a PF-RECE,
Ke ¼Wk and the Euler equation that characterizes this equilibrium becomes

k″i �rk0iþ
1
α

∂
∂ki

S k;Ke� �
Ke ¼ Wk�q rþηð Þ
�� �¼ 0; iAN ;

�
ð13Þ

where the notation ð∂=∂kiÞSðk;KeÞjKe ¼ Wk means that we first take the gradient of Sðk;KeÞ with respect to k, treating Ke as
fixed, and then substitute Ke ¼Wk into the resulting function to determine the PF-RECE. Eq. (13) can be expressed in a more
explicit form as

k″i �rk0iþ
1
α

DðQ ðk;WkÞÞf k ki;∑
r
wirkr

� 	
�qðrþηÞ

� �
¼ 0; iAN ; ð14Þ
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where Q ðk;WkÞ ¼∑if ðki;∑rwirkrÞ. By fk we denote the partial derivative of the production function f with respect to the first
variable, and we employ the notation ðWkÞi ¼∑rwirkr for the i-th component of the vector Wk.

For the SO, problem (7), the corresponding Euler equation, is

k″i �rk0iþ
1
α

∂
∂ki

S k;Wkð Þ�q rþηð Þ
� �

¼ 0; iAN : ð15Þ

Eq. (15) can be expressed more explicitly as

k″i �rk0iþ
1
α

DðQ ðk;WkÞÞ f k ki;∑
r
wirkr

� 	��
þ∑

l
wlif K kl;∑

r
wlrkr

� 	#
�qðrþηÞ

#
¼ 0; iAN : ð16Þ

By fK we denote the partial derivative of the production function with respect to the second argument. This leads to the
following definition:

Definition 1. We call the solution k:Rþ-RN of (13), with Ke ¼Wk, a PF-RECE and the solution of (15) an SO.

Note that in the SO, ð∂=∂kiÞSðk;WkÞ are the components of the true gradient of the consumer surplus function S, treated as
a function of k only, i.e., the true gradient of the function Sðk;WkÞ. This is in contrast to what happens for the PF-RECE where
ð∂=∂kiÞSðk;KeÞjKe ¼ Wk no longer corresponds to the components of a “true” gradient of a function. This remark will play a very
important role in the qualitative long-term behavior of the two systems, and leads to important differences between them.

We close this section by noting that both the rational expectations and the SO Euler equations may be expressed in a
single form, using the parameter s, which takes the value s¼0 if we are studying the PF-RECE and the value s¼1 if we are
studying the SO. The Euler equation thus takes the form

k″i �rk0iþ
1
α

DðQ ðk;WkÞÞ f k ki;∑
r
wirkr

� 	��
þs∑

l
wlif K kl;∑

r
wlrkr

� 	#
�qðrþηÞ

#
¼ 0; iAN : ð17Þ

4. The steady state of the social optimum: a global result

The Euler equations characterizing the SO and the PF-RECE can be used to explore the emergence of agglomerations in
the competitive industry. First we provide a global result about the possibility of agglomerations as a long-run outcome at
the SO when the spatial externality is fully internalized.

Assumption 1. D is a strictly decreasing function and the production function f ðk;KÞ is a strictly concave function of (k,K).

Theorem 1. Let Assumption1 hold. If the system of equations

∂
∂ki

S k;Wkð Þ�q rþηð Þ ¼ 0; iAN ð18Þ

admits the spatially uniform, or flat, k1 ¼⋯¼ kN ¼ k solution, then there is no emergence of spatial agglomerations in the long-run
equilibrium for the SO.

Proof. The function SðxÞ ¼ R x
0 DðsÞ ds is strictly concave as the integral of a strictly decreasing function (see Lemma 1 in the

Appendix, Section A.1) and, by the properties of the production function, the function Sðk;WkÞ a strictly concave function of
k. Therefore, function SðkÞ≔Sðk;WkÞ�qðrþηÞk is strictly concave. The Euler equation can be written as

k″�rk0 ¼ �1
α
∇S; ð19Þ

and by the convexity of �S, the operator �∇S is a monotone operator on RN . By the results of Rouhani and Khatibzadeh
(2009), any bounded solution of system (19) converges to a steady state which is a solution of (18). If the solution of (18) is
unique then the long-run behavior of (19) is characterized by the unique solution of (18). However, note that the solution of
(18) is recognized as the minimum of the function �S, since at the steady state ∇S ¼ 0, which is unique by the strict
convexity of S. Therefore, if (18) admits a spatially uniform (or flat) solution, by uniqueness it may admit no other solution
and the result follows. □

Thus, if there exists a steady state for the competitive industry at which all firms have the same capital stock, then no
other steady state is possible. Moreover, this steady state is stable under the dynamics of the Euler equation and this
eliminates the possibility of a steady state with spatially heterogeneous capital stock and hence the possibility of
agglomerations at the SO. The result is an extension of Scheinkman's result (Scheinkman, 1978) in a spatial context and
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suggests that if the spatial externality is fully internalized, it cannot induce spatial clustering in a competitive industry with
diminishing returns with respect to both own capital and the spatial externality. It should be noted that the result of
Theorem 1 could have been shown by using Scheinkman's separable Hamiltonian approach (Scheinkman, 1978). The
approach used here is more general in the sense that it does not require assumptions about the derivatives of the value
function of the problem and provides insights for analyzing the PF-RECE, a case where the separable Hamiltonian approach
cannot be applied.

It should also be noted that the special structure of the Euler equation for our particular formulation of the firm's
problem, viz., k″�rk0 ¼ �ð1=αÞ∇S, implies that at a steady state where k″�rk0 ¼ 0 we must have a minimum of a convex
function and this result is independent of r. Because of the particular way in which we model adjustment costs in the firm's
problem, which produced a special structure to Eq. (19), the Euler equation admits this special structure. Thus convergence,
in our model, to a unique steady state is independent of the discount rate. In general, for example, in the Intertemporal
general equilibrium model of Bewley (1982), the discount rate needs to be sufficiently small to obtain convergence. In fact
our model is a special case of Bewley's model, since we are dealing with only the firms' part of the general equilibrium
problem, with the notable difference that our model includes an externality which is not present in Bewley's dynamic
general equilibrium model. Bewley is able to use Pareto optimality to obtain his results. Pareto optimality holds in the SO
problem but not in our PF-RECE problem. In our special case, the discount rate is relevant for determining the spatially
homogeneous steady state towards which the system converges as the following proposition indicates.

To examine conditions under which such a spatially homogeneous or flat steady state at the SO exists, we make the
following assumption:

Assumption 2. The coupling is of diffusive type, i.e. ∑jwij ¼w for any iAN , and the production function is homogeneous of
degree γ.

The first part of the assumption combined with the assumption that our spatial domain is a circle eliminates the
possibility that agglomerations may emerge as a result of exogenous factors such as the shape of the spatial domain and the
location advantage of one or more sites. The second part is a common assumption that simplifies the problem and allows us
to determine solutions.

Theorem 1 refers to the convergence to a long run spatially uniform steady state. The following proposition provides a
general result about the existence and the way to determine such a spatially homogeneous steady state within the structure
of our model.

Proposition 1. Let Assumptions 1 and 2 hold. If the scalar algebraic equation

γNð1� γÞ=γρ1=γDðsÞsðγ�1Þ=γ�qðrþηÞ ¼ 0; ρ≔f ð1;wÞ ð20Þ
admits a solution snARþ , then no agglomeration patterns will appear in the long-run equilibrium for the SO and the industry
relaxes to a spatially homogeneous (flat) state k1 ¼⋯¼ kN ¼ kn ¼ ðsn=NρÞ1=γ .

Proof. The steady state is given by the solution of the system of equations

DðQ ðk;WkÞÞ f k ki;∑
j
wijkj

 !
þ∑

r
wrif K ki;∑

j
wrjkj

 ! !
�qðrþηÞ ¼ 0; ð21Þ

iAN , which for a spatially uniform solution k1 ¼⋯¼ kN ¼ kn and using Assumption 2 reduces to a single algebraic equation,
which is equivalent to (20), in terms of the variable s¼NρðknÞγ . Then using Theorem 1 we obtain the stated result. □

For a standard Cobb–Douglas production function with γ ¼ γ1þγ2o1, the spatially homogeneous steady state can easily
be obtained by following the calculations of the proof to this proposition. Thus in a competitive industry with identical firms
with Cobb–Douglas technology which is strictly concave in own capital and the spatial externality, and no location
advantage or effects from the boundaries of the spatial domain, no agglomeration will occur if the spatial externality is fully
internalized.

5. Agglomeration emergence

Our “no agglomeration” result holds for the SO (s¼1) under the strict concavity Assumption 1 of the production
function. This means agglomerations do not emerge when the spatial externalities are fully internalized, the production
function is strictly concave and the demand function is strictly decreasing. Therefore, agglomerations may emerge if any of
the above assumptions is not satisfied.

When the spatial externality is not fully internalized in a PF-RECE, the no agglomeration result is no longer sustained,11

and a result similar to Theorem 1 cannot be obtained for the PF-RECE. Thus, even if a flat steady state exists for the PF-RECE,
11 To see this, note that in terms of the Euler equation characterizing the PF-RECE, the term ð∂=∂kiÞSðk;KeÞjKe ¼ Wk is no longer a gradient, which means
that a firm does not take into account the impact of its investment policy on the spatial externality.
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we cannot exclude the existence of other spatially heterogeneous steady states. Spatial heterogeneity, however, means
agglomerations.

In this section we provide explicit conditions under which agglomerations may occur either for the PF-RECE (s¼0) or for
the SO (s¼1) if Assumption 1 does not hold.12 We examine the potential emergence of spatial agglomerations by perturbing
a spatially homogeneous, or flat, steady state in a fashion which is similar (but different in mechanism) to the celebrated
Turing instability (Turing, 1952).13 The instability concept presented in Theorem 2 is local saddle point instability of the
steady state under scrutiny. Checking for this kind of local saddle point instability involves checking whether more than
N eigenvalues have positive real parts of the linearization of the Euler equation (17) around a flat steady state.

To clarify the exposition we use the following definitions:

Definition 2. Define the real numbers

ρ≔f ð1;wÞ; ρk≔f kð1;wÞ; ρK≔f K ð1;wÞ;
ρkk≔f kkð1;wÞ; ρkK≔f kK ð1;wÞ; ρKK≔f KK ð1;wÞ:

ρ denotes the output of a firm at a flat steady state where capital stock is normalized to one, ρk; ρK are the corresponding
marginal products, ρkk; ρKK are the slopes of marginal products, while ρkK denotes the shift in the marginal product of capital
from a small change in the spatial externality. All derivatives are evaluated at the flat normalized steady state.

Remark 1. For the Cobb–Douglas production function f ðk;KÞ ¼ kγ1Kγ2 , fγ1; γ2gA ð0;1Þ these quantities become

ρ¼wγ2 ; ρk ¼ γ1w
γ2 ; ρK ¼ γ2w

γ2 �1;

ρkk ¼ γ1ðγ1�1Þwγ2 ; ρkK : γ1γ2w
γ2 �1; ρKK ¼ γ2ðγ2�1Þwγ2 �2;

while for a CES production function f ðk;KÞ ¼ A½βk� θþð1�βÞK � θ�� γ=θ , A40, θZ�1;0oβo1, with degree of homogeneity γ,
and elasticity of substitution ŝ ¼ 1=ð1þθÞ we have

ρ¼ A½βþð1�βÞw� θ�� γ=θ ; ρk ¼ Aγβ½βþð1�βÞw�θ�� γ=θ�1;

ρK ¼ Aγð1�βÞw�θ�1½βþð1�βÞw�θ�� γ=θ�1;

ρkk ¼ �Aγβ 1þθð Þ½βþð1�βÞw� θ�� γ=θ�1þ 1þv
θ


 �
θAγβ2½βþð1�βÞw� θ�� γ=θ�2;

ρKK ¼ Aγ 1�βð Þ 1þθð Þw�θ�2½βþð1�βÞw�θ�� γ=θ�1þ 1þv
θ


 �
θAγð1�βÞ2w�2θ�2½βþð1�βÞw�θ�� γ=θ�2;

ρkK ¼ ðγþθÞAð1�βÞβw�θ�1½βþð1�βÞw� θ�� γ=θ�2:

Remark 2. It should be noticed that for the Cobb–Douglas production function ρkK40 or equivalently f kK40, so that an
increase in the externality will shift the marginal product of private capital upwards. The CES production function allows
more flexibility with respect to the relationship between the marginal product of private capital and the externality as
reflected by the cross partial derivative f kK . In the CES case,

f kK ¼ ðγþθÞð1�βÞβγAk�ð1þθÞK �ð1þθÞ½βk�θþð1�βÞK �θ��2� γ=θ ; ð22Þ
with constant or increasing returns to scale and θ4�1, γþθ40. Thus, as in the Cobb–Douglas case, an increase in the
externality will shift the marginal product of private capital upwards. For a negative cross partial, meaning that an increase
in the externality will shift the marginal product of private capital downwards, or f kKo0, decreasing returns to scale are
required so that γþθo0. Since ŝ ¼ 1=ð1þθÞ, the condition for a negative cross partial can be expressed in terms of the
elasticity of substitution between k and K as ŝ41=ð1�γÞ. Thus a negative cross partial requires decreasing returns to scale
and ŝ41. If γþθo0 then ρkKo0 for the CES case. For a general production technology with two inputs f ðk;KÞ which is
homogeneous of degree γ, it can be seen, by applying Euler's theorem to the fist order derivatives which are homogeneous of
degree γ�1, that

γ�1ð Þf kþ f K
kþK

¼ f kKþ
f kkkþ f KKK

kþK
: ð23Þ

Thus f kKo0 requires γo1.
12 To ease the exposition, if s¼0 the stated results correspond to the PF-RECE, whereas if s¼1 the stated results correspond to the SO. When a quantity
carries the subscript s, this implies that it depends on the value of s chosen, i.e., that it differs between the PF-RECE and the SO.

13 The use of conditions under which a spatially homogenous steady state becomes unstable to spatially heterogeneous perturbation in order to
establish the emergence of agglomerations has been used in spatial economics. See for example Papageorgiou and Smith (1983) or Krugman (1996). Our
difference with this literature is that the perturbed steady state in our model is the outcome of actions of forward-looking optimizing agents.
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Definition 3. Define the stability matrix

Ts ¼ C1IþC21þC3WþC4W
2; s¼ 0 or 1 ð24Þ

where

C1≔
1
α
D Nρk

γ

s


 �
ρkkk

γ�2
s ;

C2≔
1
α
ρkþwρK
� �

ρkþswρK
� �

k
2ðγ�1Þ
s D0 ρNk

γ

s


 �
;

C3≔
1
α
1þsð ÞρkKD Nρk

γ

s


 �
k
γ�2
s ;

C4≔
1
α
sρKKD Nρk

γ

s


 �
k
γ�2
s ;

and 1 is the N�N matrix whose every entry is equal to 1.

Definition 4. Let fϕℓ; λℓg, ℓ¼ 1;…;N, be the corresponding eigenvectors and eigenvalues of the stability matrix Ts (see (24)
in Definition 3), and define the sets

A≔ ℓAN :
r2

4
oλℓ

� 
;

B≔ ℓAN :0oλℓo
r2

4

� 
:

Theorem 2. Let Assumption2 hold, let Ts be the stability matrix defined in Definition3 and A, B the sets defined in Definition 4.
(a) If the scalar algebraic equation

1
ρN

� 	ðγ�1Þ=γ
ρkþswρK
� �

D ssð Þsðγ�1Þ=γ
s �r qþηð Þ ¼ 0 ð25Þ

admits a unique solution snsARþ , then a spatially homogeneous steady state ks ¼ ðsns=NρÞ1=γ uniquely exists.
(b) The following results hold concerning the linear stability of spatially homogeneous steady states:
(i)
1

Eqs.
If Aa∅, i.e., if Ts has eigenvalues greater than r2=4, then agglomerations may appear around the spatially homogeneous
steady state ks.
(ii)
 If Ba∅, i.e., if Ts has positive eigenvalues but less than r2=4, then an agglomeration that fluctuates with respect to time may
appear around the spatially homogeneous steady state ks.14
Eq. (25) is the steady-state equation for a flat steady state resulting from the Euler equation (17). If a spatially
homogeneous steady state for PF-RECE (s¼0) or the SO (s¼1) exists, part (b) of the proposition presents the conditions
under which it can be destabilized by spatial spillovers. Local instability of the spatially homogeneous steady state means
that agglomerations may emerge.

Remark 3. While both regions A and B lead to linear instability of the flat steady state, we consider as a viable
agglomeration pattern for the system only those patterns that correspond to region B, for the following reason. Our system
is a controlled system which is subject to a transversality condition at infinity. Only the patterns corresponding to region B
satisfy the transversality condition, thus only these patterns are viable agglomeration patterns. We therefore consider as a
condition for the occurrence of agglomeration the condition that at least one of the eigenvalues of the stability matrix Ts lies
in the interval ð0; r2=4�.

Remark 4. Since the instability is emerging as the optimal solution of the problem, we call this instability optimal spillover
induced spatial instability. This type of instability is different from the celebrated Turing instability, or the instabilities
identified in earlier models of economic geography (e.g. Papageorgiou and Smith, 1983, Krugman, 1996), because it is the
result of forward-looking optimizing behavior.

Proof of Theorem 2. For the proof, we work with the compact formulation of the RE and SO model in a single equation (as
in (17)) using the variable s, where s¼0 in the RE case and s¼1 in the SO case. The equation of motion becomes

k″i �rk0iþ
1
α

DðQ ðk;WkÞÞ f 1 ki;∑
r
wirkr

� 	
þs∑

ℓ
wℓif 2 kℓ;∑

j
wℓjkj

 !" #
�qðrþηÞ

( )
¼ 0: ð26Þ
4 This means that the solution will have the form knðtÞ;nAN such that, in general knðtÞakmðtÞ for nam, but kn are periodic functions of time (see also
(30) and (31) in the proof of the theorem).
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We simplify the notation by using the definition

Fi≔DðQ ðk;WkÞÞ f 1 ki;∑
r
wirkr

� 	
þs∑

ℓ
wℓif 2 kℓ;∑

j
wℓjkj

 !" #
:

In the proof we employ the notation f1 for fk and f2 for fK.
We now perform the general calculation for the linearization of (26) around a homogeneous steady state k. Note that k

changes with s, so we denote it as ks. Consider then κ¼ ksþϵk (meaning that κi ¼ ksþϵki for every i). We do the
linearization of the three terms involved separately and in order to keep the flow of the text the detailed linearizations are
presented in the Appendix, Section A.2
The linearization of Fi results in

Fi ¼ A0ðB0þC0ÞþϵðB0þC0ÞA1∑
ℓ
kℓþϵA0B11kiþϵA0ðB12þC11Þ∑

r
wirkrþϵA0C12∑

ℓ
∑
j
wℓiwℓjkj

where

A0 ¼DðNf ðks;wksÞÞ;
A1 ¼D0ðNf ðks;wksÞÞðf kðks;wksÞþwf K ðks;wksÞÞ;

B0 ¼ f kðks;wksÞ; C0 ¼ swf K ðks;wksÞ;
B11 ¼ f kkðks;wksÞ; C11 ¼ sf Kkðks;wksÞ;
B12 ¼ f kK ðks;wksÞ; C12 ¼ sf KK ðks;wksÞ:

From the above calculations, we see that the homogeneous steady state ks will be a solution of the algebraic equation

A0ðB0þC0Þ�M¼ 0; ð27Þ
where M¼ qðrþηÞ. This yields

DðNf ðks;wksÞÞðf kðks;wksÞþswf K ðks;wksÞÞ�M¼ 0:

Using the assumption that f is homogeneous with degree of homogeneity γ, and Definition 2 this is expressed as

ðρkþswρK ÞDðNρk
γ

sÞk
γ�1
s �M¼ 0

which, when solved for ks, provides the homogeneous steady state. Upon the change of variables ss ¼Nρk
γ

s, the steady state
equation becomes

1
ρN

� 	ðγ�1Þ=γ
ρkþswρK
� �ÞD ssð Þsðγ�1Þ=γ

s �M¼ 0:

When s¼0 this yields the steady state for the RE case while when s¼1 this yields the steady state for the SO case.
Substituting into the equation we see that the linearized equation is

k″�rk0 þTsk¼ 0;

where

Ts≔
1
α
fA0B11Iþ B0þC0ð ÞA11þA0 B12þC11ð ÞWþA0C12W

2g:

Using the homogeneity assumption for the production function, we may further simplify this matrix to the stability matrix

Ts ¼ C1IþC21þC3WþC4W
2; ð28Þ

defined in 3 where ks is the solution of the steady-state equation (27).
Having obtained the linearized system, we study the evolution of a spatially nonhomogeneous perturbation of this

homogeneous steady state. Consider a solution of (13), of the form ki ¼ ksþϵpi, iAN , where ϵ is a small parameter.
We substitute into (13) and linearize with respect to ϵ. The above results show that the vector p¼ ðp1;…; pNÞ evolves
according to the second order linear evolution equation

p″�rp0 þTsp¼ 0; ð29Þ
where Ts is the matrix given in (28). Since W is a symmetric matrix, the same is true for the matrix Ts, so by the spectral
theorem there exists an orthonormal basis of RN consisting of the eigenvectors of Ts, each corresponding to real eigenvalues.
Let fϕℓ; λℓg, ℓ¼ 1;…;N, be the corresponding eigenvectors and eigenvalues. The general solution of (29) can be expressed as

pðtÞ ¼ ∑
N

ν ¼ 1
qνðtÞϕν
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so by substituting into (29), we obtain

∑
N

ν ¼ 1
q″νðtÞϕν�r ∑

N

ν ¼ 1
q0νðtÞϕνþ ∑

N

ν ¼ 1
qνðtÞλνϕν ¼ 0;

and taking inner products with ϕℓ, ℓAN and using the orthogonality of the eigenvectors, 〈ϕν;ϕℓ〉¼ δν;ℓ yields

q″ℓ�rq0ℓþλℓqℓ ¼ 0; ℓAN :

Now the system is decoupled. This implies that the general solution of (29) can be expressed as

pðtÞ ¼ ∑
N

ℓ ¼ 1
ðaℓexpðsþℓ tÞþbℓexpðs�ℓ tÞÞϕℓ; ð30Þ

where aℓ; bℓAR are constants related to the initial conditions pð0Þ; p0ð0ÞARN and

s7ℓ ¼ 1
2 r7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2�4λℓ

p
 �
; ℓAN : ð31Þ

In the solution (30), each component pi of the vector p will determine the temporal evolution of the perturbation in each
location near the spatially homogeneous steady state ks. Note that the eigenvalues (31) are symmetric around r/2 and they
could be either real and positive, or real one positive and one negative, or complex with positive real parts. Because the
dynamical system (29) has been derived from the optimal control problem (6), satisfaction of the transversality conditions
at infinity requires setting the constant corresponding to the eigenvalue that is larger than r/2 equal to zero. Therefore if all
the eigenvalues sℓor=2 are negative, piðtÞ tends to zero for all i and the spatial perturbation will die out. In this case the flat
steady state is stable and no agglomeration emerges. If however for some ℓAN there are eigenvalues in the interval ð0; r=2Þ,
then the spatial perturbation will not die out as t increases while transversality conditions at infinity are satisfied. In this
case the flat steady state is not locally stable and this is a sign of agglomeration emergence.
More precisely (31) implies three possibilities:
(A)
 r2=4oλℓ, so that s7ℓ ¼ r=27 is, i.e., a pair of complex conjugate roots. This leads to oscillatory behavior compatible with
the transversality condition (Hopf type behavior).
(B)
 0oλℓor2=4, so that s�ℓ or=2osþℓ , i.e., a pair of real roots, one larger and one smaller than r=2. The root which is larger
than r=2 is incompatible with the transversality condition and the corresponding constant is set to zero, while the root
s�ℓ , as long as s�ℓ 40, leads to an instability which is optimal and satisfies transversality conditions. Agglomeration may
emerge at the PF-RECE.
(C)
 λℓo0, so that s�ℓ o0or=2osþℓ , i.e., a pair of real roots, one negative and one positive larger than r=2. The root sþℓ does
not satisfy the transversality condition and the corresponding constant is set to zero. For the negative root s�ℓ , the
perturbation is suppressed in the long run and the flat steady state is stable. No agglomeration emerges at the PF-RECE.
Thus case B may lead to agglomerations. □

Theorem 2 provides general conditions for agglomeration emergence. In the remainder of this section we try to identify
the key economic parameters that may (or may not) induce agglomerations by further specifying our model.
5.1. Agglomeration in the perfect foresight rational expectations equilibrium

First we provide conditions for the existence of a flat steady state that can be destabilized by spatial perturbations
according to Theorem 2.

Assumption 3. The elasticity of the demand is uniformly bounded and negative, i.e., if we define the quantities

ED≔ inf
s40

sD0ðsÞ
DðsÞ

� 	
; ED≔sup

s40

sD0ðsÞ
DðsÞ

� 	
;

then it holds that

�1oEDrEDo0:

For the isoelastic demand this assumption holds and EDrED ¼ �δ.
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Proposition 2 (Potential agglomeration at the PF-RECE). Define the matrix

T0 ¼ C1IþC21þC3W

where C1;C2;C3 are derived from Definition3 for s¼0.
(i)
1

to m
Let γo1 and assume that

lim
s-0

D sð Þsðγ�1Þ=γ4
1
ρN

� 	�ðγ�1Þ=γrðqþηÞ
ρk

: ð32Þ

Then, a unique spatially homogeneous steady state k0 exists, which can be destabilized and may give rise to agglomerations
if the matrix T0, defined as in (24) in Definition3 calculated at ks ¼ k0, has eigenvalues in the interval ð0; r2=4�.
(ii)
 Let γ41, D satisfy Assumption3 with EDo�γ=ðγ�1Þ and assume existence of an s40 such that

D s
� �

sðγ�1Þ=γ4
1
ρN

� 	�ðγ�1Þ=γrðqþηÞ
ρk

:

Then, a unique spatially homogeneous steady state k0 exists, which can be destabilized and may give rise to agglomerations
if the matrix T0, defined as in (24) in Definition3 calculated at ks ¼ k0, has eigenvalues in the interval ð0; r2=4�.
Agglomeration emergence is related to γ, the degree of homogeneity of the production function. At a flat steady state,
γ41 indicates increasing returns from a social point of view, while γo1 indicates decreasing returns to scale and
diminishing returns from both the social and the private point of view. Proposition 3 suggests, therefore, that agglomeration
is could be possible even with decreasing returns to scale. This proposition combined with Theorem 2 covers all possible
cases in which agglomeration may be possible in the PF-RECE case, but identification of agglomerations requires the
numerical calculation of the spectrum of the matrix T0. This is straightforward even for the case of large dimensional
systems (large N) but does not provide us with sufficient intuition regarding the forces and the parameters which are
important in inducing agglomerations.

Since it not possible to provide closed form solutions for the eigenvalues of matrix T0 we examine two special cases
which provide more insights into the structure of industry fundamentals that could lead to agglomerations in the PF-RECE.
It should be stressed however that these special cases provide only sufficient conditions for agglomerations. Actual
detection of agglomerations requires numerical analysis, some examples of which are presented in Section 6. We start by
examining in Proposition 3, the case where wij40 for all i,j, which means that the impact on site i from all sites j is
beneficial. This assumption allows us to characterize the eigenvalues of T0 in terms of stable and unstable Metzler
matrices.15

Proposition 3 (Potential agglomeration (or not) at the PF-RECE with f kK40). Let s¼0 and assume that a spatially
homogeneous steady state k040 exists, that Assumption3 holds, that wii40, and that T0 is a Metzler matrix, i.e.,
wijZ�ð1=ρNÞðρk=ρkK ÞðρkþwρK ÞEDZ0 for all i; jAN .
(i) If the industry fundamentals are such that

wiio� ρkk
ρkK

� 1
ρN

ρk
ρkK

ρkþwρK
� �

ED; iAN ;

then no agglomeration may emerge in the PF-RECE case.
(ii) If the industry fundamentals are such that

wiiZ� ρkk
ρkK

� 1
ρN

ρk
ρkK

ρkþwρK
� �

ED; iAN ;

then agglomerations may emerge. The top eigenvalue of the stability matrix is

λn ¼ qðrþηÞ
αk0ρk

ρkkþ
ρk
ρ

ρkþwρK
� �sD0ðsÞ

DðsÞ þρkKw
� 	

:

The right-hand side of all inequalities are positive numbers which are defined in terms of the aggregate externality w,
the production function structure, and the elasticity of demand, while the terms wii;wij reflect “own” impact on the
externality affecting site i, and impact of site j on the externality affecting site i respectively. Thus when wij satisfies the
assumption of Proposition 3, no agglomeration requires small own impacts, while potential agglomeration requires large
own impacts. Agglomeration may emerge when λn40: From its definition it is clear that this depends on how strong the
5 Nonnegative and Metzler matrices have been used in economics, e.g., in input–output analysis (the input–output matrix) or in general equilibrium
odel the gross substitution matrix.
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complementarity between k and K is, and how large the aggregate externality w is, since these effects are combined to form
the term ρkKw which is the only term that can make λn positive. It should be noted that Proposition 3 indicates that
agglomeration can emerge both with increasing and decreasing returns to scale provided that f kK40 (which implies
ρkK40Þ. From Remarks 1 and 2 we see that with a Cobb–Douglas technology, fkK is always positive. With a CES technology
fkK is positive for constant and increasing returns to scale, while it is also positive for decreasing returns to scale ðγo1Þ if
ðγþθÞ40 or when the elasticity of substitution between k and K is ŝo1=ð1�γÞ. Thus Proposition 3 provides sufficient
conditions for potential agglomerations under any type of returns to scale when technology is CES and f kK40. If
ŝ41=ð1�γÞ or f kKo0, the proposition does not provide sufficient conditions for potential agglomeration emergence.

In order to examine conditions for agglomeration emergence with decreasing returns to scale and f kKo0, we assume
that wijo0 for some ia j. This is the case of a composite externality which is positive overall at a flat steady state, but
negative local effects are present. Proposition 4 provides sufficient conditions for potential agglomeration with diminishing
returns even when f kKo0 (or equivalently ρkKo0Þ.

Proposition 4 (Potential agglomeration at the PF-RECE with f kKo0). Consider the PF-RECE case (s¼0) and assume that
ρkKo0. Let ðn;mÞAarg minði;jÞ;ia jwij, then a sufficient condition for agglomeration is that

jwnmj4
1
2
wnnþwmmð Þþ ρkk

ρkK
þðρkþwρK Þρk

ρkK

D0ðρNkγ

0Þ
DðρNkγ

0Þ
k
γ

0: ð33Þ

Condition (33) clearly illustrates the interplay between local negative externalities and the cross partial ρkK in the
formation of agglomeration patterns. A strong enough local negative externality allows the formation of agglomeration
patterns. Since a negative cross partial fkK (or ρkK Þ requires decreasing returns to scale, Proposition 4 provides sufficient
conditions for potential agglomeration under decreasing returns to scale when an increase in the spatial externality shifts
the marginal product of private capital downwards. It should be noted that this sufficient condition is purely local in terms
of the spatial externality since it depends only on wnm, wnn and wmm.

To summarize, Proposition 2 is more general in scope than Propositions 3 and 4, in the sense that Propositions 3 and 4
provide sufficient conditions and not the whole range of parameters for which agglomeration or no agglomeration is expected.
However Propositions 3 and 4 provide explicit results regarding the structure of production technology, demand, and spatial
externality as reflected in the spatial interaction matrixW, which could lead to agglomerations under any type of returns to scale
and which allow for both positive and negative impacts of the externality on the marginal product of private capital.

For example, for agglomeration emergence for case (ii) of Proposition 3, we may obtain a simplified condition in terms of

ρkK4�ρkρK
ρ

ED;

w4� ρρkkþρ2kED

ρkρKEDþρρkK

which again indicates more clearly the strength of complementarity and the size of externality as an agglomeration-
inducing factor. The no-agglomeration-emergence condition of Proposition 3 with an isoelastic demand implies

wii�wijo� ρkk
ρkK

; i; jAN :

Thus a small deviation between own impacts and other sites' impacts acts as an agglomeration-suppressing force. Since
small deviations between wii and wij are suppressing potential agglomerations, an upper bound for wij would be expected
such that, for fixed wii, if wij exceeds this upper bound potential agglomerations will be suppressed. The exact determination
of this upper bound requires, however, the use of numerical methods in order to estimate the full spectrum of T0. If we are
dealing with a composite kernel where wijo0 for some j, Proposition 4 applies. If we assume a kernel where wii is the same
for all i, then (33) implies that for agglomeration emergence jwnmj�wnn should be sufficiently high when ρkKo0, since in
this case the RHS of (33) is always positive. On the other hand if ρkKo0 and jwnmj4wnn, the agglomeration emergence
condition will be satisfied since the RHS will be negative. Thus composite externalities with strong local negative effects can
be regarded as an agglomeration-inducing factor.

Another way to provide additional clarifications regarding the impact of the cross partial fkK and the spillover effects wij

on the emergence of linear instability of the flat steady state is to consider a simplified case of two types of firms i¼1,2.
Writing the Hamiltonian system for each firm's problem in the state costate space, assuming a fixed price p to simplify, and
Ni identical firms of type i¼1,2 with varying qi, ai, the characteristic equation of the (4�4) linearization matrix is

Q4 sℓð Þ ¼ s4ℓ�2rs3ℓþ r2� J13
a1

� 	
s2ℓþ

J24
a2

þr
J23
a1

� 	
sℓþ J14J24

a1a2
¼ 0 ð34Þ

J13 ¼ �pðf k1k1 þ f k1K1
w11N1Þ; J14 ¼ �pðf k1K1

w12N2Þ ð35Þ
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J23 ¼ �pðf k2K2
w21N1Þ; J24 ¼ �pðf k2k2 þ f k2K2

w22N2Þ ð36Þ
where costate rows in the Hamiltonian system are labelled 1 and 2 and state rows are labelled 3 and 4. Instability emerges if
(34) has three positive roots since the saddle point stability of the Hamiltonian system implies two positive and two
negative roots.16 If wij40 and f kiKj

o0, i; j¼ 1;2; ia j then all J's are positive and by Descartes' rules of signs the maximum
number of positive and negative roots of (34) is two. To obtain a maximum of three positive roots, which means instability,
we need some wijo0 or some f kiKj

40. Basically this is another way of presenting the results of Propositions 3 and 4. If an
increase in global externality shifts the marginal private product of capital downwards (i.e. f kiKj

o0Þ, then agglomeration
emergence requires some local spillovers effects to be negative so that the desirability of a location changes according to the
proximity of the location to the range of negative spillovers. This result holds for the PF-RECE under decreasing returns
to scale.

Having studied the PF-RECE we turn now to providing further conditions for potential agglomeration emergence at
the SO.

5.2. Agglomeration and the social optimum

There is no agglomeration emergence in the SO case if γo1, as the global result of Theorem 1 guarantees. One may
obtain a generalization of Proposition 3 for the SO case, and provide conditions on the fundamentals of the economy under
which no agglomerations will emerge even in the case γ41, which is not covered by Theorem 1.

Proposition 5 (Potential agglomeration at the SO). Define the matrix

T1 ¼ C1IþC21þC3WþC4W
2;

where C1;C2;C3;C4 are derived from Definition3 for s¼1.
Let γ41, D satisfy Assumption3 with EDo�γ=ðγ�1Þ and assume existence of an s40 such that

D s
� �

sðγ�1Þ=γ4
1
ρN

� 	�ðγ�1Þ=γ rðqþηÞ
ρkþwρK

:

Then, a unique spatially homogeneous steady state k1 exists, which can be destabilized and may give rise to agglomerations if the
matrix T1, defined as in (24) in Definition 3 calculated at ks ¼ k1, has eigenvalues in the interval ð0; r2=4�.

Proposition 6 (Potential agglomeration (or not) at the SO). Assume s¼1, γ41 and let Assumption3 hold.
(i)
1

will
root
If the industry fundamentals satisfy

0ZρkkþðρkþwρK Þ2
1
ρN

EDþ2ρkKwiiþρKK∑
r
wirwri;

0r ðρkþwρK Þ2
1
ρN

EDþ2ρkKwijþρKK∑
r
wirwrj; ia j;

for all i; jAN , no agglomerations are possible for the SO case.

(ii)
 If the industry fundamentals satisfy

0ZρkkþðρkþwρK Þ2
1
ρN

EDþ2ρkKwiiþρKK∑
r
wirwri;

0r ðρkþwρK Þ2
1
ρN

EDþ2ρkKwijþρKK∑
r
wirwrj; ia j;

for all i; jAN , agglomerations could be possible for the SO case. The top eigenvalue of the stability matrix T1 can be found
explicitly in terms of the homogeneous steady state k1, as

λn ¼ 1
α

qðrþηÞ
ðρkþwρK Þk1

ρkkþðρkþwρK Þ2
1
ρ

sD0ðsÞ
DðsÞ þ2ρkKwþρKKw

2
� 	

;

where s¼ ρNk
γ

1.
For the proofs of Propositions 2, 3, 4, 5 and 6 see Appendix, Sections A.3–A.7.

Remark 5. Conditions on the demand function imply that: (a) DðQ ðk;KÞÞ is maintained above a critical level (related to
qðrþηÞ) when Q ðk;KÞ falls below a critical level, and (b) the demand function decays fast enough for large enough values of
6 From the well known Kurz's result (Kurz, 1968, p. 163) about the stability of optimal control in growth models, we know that the Hamiltonian system
have either saddle point stability (two positive and two negative roots), or will be unstable with more than two positive real roots, or with complex
s with positive real parts.
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Q ðk;KÞ. The second condition is quantified by EDo�γ=ðγ�1Þ (for γ41) which in turn implies that DðsÞsðγ�1Þ=γ is a decreasing
function of s. The isoelastic demand function DðsÞ ¼ Bs� δ for large enough s satisfies this condition as long as δ4γ=ðγ�1Þ.
5.3. Agglomeration emergence: discussion

The results obtained above provide a number of points which are useful in understanding the potential emergence of
agglomerations in a competitive industry.

In general k1ak0, i.e. the steady state of the SO problem does not coincide with the steady state of the PF-RECE.
Furthermore, for a strictly decreasing function DðsÞsðγ�1Þ=γ and values of γ that are relevant for homogeneous production
technologies, k14k0. Furthermore, ks ðs¼ 0;1Þ is an increasing function of w.

The agglomeration emergence, related to part of the spectrum of Ts being in region B, is reminiscent of a Turing
instability but with a major difference. It is related to an optimally controlled system, and this fact imposes major
restrictions as to what will be an acceptable instability. As we see in the proof of Theorem 2 the instability condition needs
to satisfy the transversality condition. Instabilities related to the part of the spectrum of Ts being in region A are associated
with a Hopf type bifurcation.

The conditions for agglomeration emergence in the linearized problem are related to the spectrum of the symmetric
matrix Ts. This is easily computed for concrete applications numerically (see e.g. Section 6.1). However, the concavity
properties of the production function f as well as the monotonicity of the demand function provide important information
on the signs of the constants C1;C2;C3;C4 and thus allow us to obtain general information concerning the position of the
spectrum of the matrix Ts. For example, consider first the PF-RECE case. We see that C1 is always negative as long as ρkko0
and since this term is responsible for a contribution C1I to the stability matrix, this term will always contribute a negative
eigenvalue, leading to stability. The diagonal part is perturbed by the term C21 with C2 being always negative, since D0 is
negative and ρk; ρK 40. Therefore, this term is not expected to lead to further destabilization for w40. The third term is a
contribution C3W , where C3 is positive when ρkK40, which implies complementarity between own capital stock and the
spatial externality. This term can induce spatial instability through the occurrence of positive spectrum if it is strong enough.
If ρkKo0, which implies decreasing returns to scale with CES technology, then agglomeration is not possible if the
externality is positive with respect to all locations, or wij40 for all i,j. Agglomeration could be possible with decreasing
returns to scale and ρkKo0 when the global externality is positive but there are sufficiently strong local negative effects to
significantly reduce the desirability of locations which are close to the range of negative effects. The relative strength of
C3 with respect to C1 and C2 depends on the fundamentals of the problem, e.g. on N and w, but the actual dependence is too
complicated to be studied, unless explicit forms for Dand f are assumed (see Section 6.1). In the SO the extra term C4W

2 is
included in the stability matrix. If γo1, this is a stabilizing term and this, in accordance with our global results in Section 4,
eliminates agglomerations. If γ41, this term may further contribute to instability and may lead to agglomeration formation.

It should be noted that for a Cobb–Douglas technology, if ðγ1; γ2Þo ð1;1Þ but γ1þγ2 ¼ γ41, the flat steady state with
spatial externalities is characterized by diminishing marginal productivity of capital from the private point of view, and by
increasing marginal productivity from the social point of view. Increasing marginal productivity from the social point of
view may induce agglomerations when the spatial externality is fully internalized. Thus the “no agglomeration” result,
under full internalization, requires diminishing marginal productivity of capital from both the private and the social point
of view.

With diminishing marginal productivity of capital from both the private and the social point of view, agglomeration may
emerge as a long-run outcome of a PF-RECE but not at the SO. The local behavior described for the linearized system around
the flat PF-RECE steady state k, by Theorem 2 presents a potential scenario for the long-run spatial behavior of system (13).
In particular, it is possible that some of the unstable modes leading to spatial patterns for the linearized system may persist,
leading thus to stable agglomerations in the long run. The exact identification and characterization of the stability properties
of such a long-run agglomeration require detailed analysis of the full nonlinear system, which is beyond the scope of the
present paper, but represent a natural way of extending this research. It is interesting to note that this is in striking contrast
to what happens for the SO equilibrium, where agglomerations and clustering in the long run are definitely ruled out by
Theorem 1, which is based on the strict concavity of the production function in k and K ¼Wk: In terms of economics this
means that diminishing returns from the social point of view, and full internalization of the spatial externality at the firm
level, eradicate any spatial patterns. When, however, the spatial externality is not internalized in a competitive industry
then spatial agglomerations may occur. It should be noted that this result does depend on increasing returns, geometry of
the spatial domain and boundary conditions, or location advantages. In this case agglomeration-inducing forces, or
centrifugal forces, include incomplete internalization of the spatial externality, strong complementarity between the stock
of capital and the spatial externality when all local effects are positive, or a composite spatial externality which is positive
overall but which includes positive and negative local spillovers, and relatively large deviations between own and other
locations.

It should be noted that the spatial externality studied here is related to non-local or long-range spatial effects modelled
by the spatial kernel. The effects of the spatial externality can also be analyzed by considering local effects modelled by local
diffusion, as for example, in the growing literature related to spatial economic growth and the spatial Ramsey model (e.g.,
Camacho and Zou, 2004; Camacho et al., 2008; Boucekkine et al., 2009; Brito, 2011; Boucekkine et al., 2013a, 2013b), or the
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spatial diffusion of resources in resource management problems (e.g. Brock and Xepapadeas, 2008, 2010). Undoubtedly this
is an important area for further research.

6. Illustrative examples

6.1. The Cobb–Douglas production function

In this section we provide an illustrative example using the Cobb–Douglas production function,

f ðx; yÞ ¼ Cxγ1yγ2 ; γ ¼ γ1þγ2; γ1o1; γ2o1:

This function evaluated at x¼ ki and y¼ ðWkÞi ¼∑jwijkj gives the production at site i of the spatial economy as a
homogeneous production function with degree of homogeneity γ. For a spatially homogenous steady state, γ41 means
increasing marginal productivity from the social point of view in the sense of Romer (1986), while γo1 means diminishing
marginal productivity from the social point of view. We assume, furthermore, that matrix W corresponds to a coupling of
diffusive type, for which ∑jwij ¼w40 for any iAN , in accordance with Assumption 2, and that the demand function is of
the isoelastic form DðsÞ ¼ Bs� δ, δ40. This demand function satisfies Assumption 3 with ED ¼ ED ¼ �δ. Using this structure
we calculate the flat steady states and the stability matrix for the PF-RECE (s¼0) and the SO (s¼1). Calculations are
presented in the Appendix, Section A.8. Furthermore, conditions for non-emergence of agglomerations in the PF-RECE case
simplify to

wii

w
o1�γ1

γ2
þ δ

N
γ

γ2
; ð37Þ

wij

w
4

δ

N
γ

γ2
; ia j; ð38Þ

for all i; jAN , which may be reinterpreted as

wii�wij

w
o1�γ1

γ2
: ð39Þ

Both these relations provide important insight into the mechanics of agglomeration in the PF-RECE case. The first interpretation
of the stability conditions provides the interesting information that if wij are all positive, then agglomeration in the PF-RECE case
is expected to take place for large enough values of γ. To see this we may reason as follows: Let all the wij40 as is the case of a
single positive spatial externality, and assume (37) holds. In order to have the possibility of agglomeration we need
wij=wo ðδ=NÞγ=γ2, and that can most easily be achieved if γ is large. We therefore expect occurrence of patterns for the
PF-RECE case, for single positive spatial externalities for large enough values of γ. This is supported by numerical evidence as
shown in Section 6.1.1. On the contrary, if we have composite kernels that combine positive and negative externalities, thenwhile
condition (37) may hold, condition (38) is never valid since for kernels of this type there exist i; jAN such that condition (38)
fails. Therefore, instability may occur more easily for composite kernels combining positive and negative externalities, and for
smaller values of γ. This theoretical prediction is fully supported by the numerical results provided in Section 6.1.2. On the other
hand, the alternative form of the stability condition (39) also provides some important qualitative information on the mechanics
of agglomeration formation. If the difference between the diagonal and the off-diagonal terms of the interaction matrix W is
small enough, no agglomeration is expected in the PF-RECE. The difference between wii and wij, and even more so the ratio
ðwii�wijÞ=w, can be interpreted as the importance of site i's contribution to the externality at site i, relative to the effect that site
j has on the externality at site i. If this effect is small as quantified by (39), then no agglomerations are induced. If, on the contrary,
it is larger than the critical value provided by (39), then agglomeration emergence may occur.

We provide numerical results concerning potential agglomeration emergence through the optimal spillover induced
instability of a flat steady state. We choose a spatial economy consisting of N¼101 sites. The parameters of the model are
chosen as follows: r¼0.03, η¼0.02, q¼1, α¼0.025, δ¼1.25, B¼100, C¼1 and these are kept fixed in all the numerical
experiments that follow. We choose to vary the parameters of the production function γ1, γ2 as well as the type of spatial
interaction kernel w, which is used to generate the matrix W. We provide two sets of results corresponding to a single and a
composite spatial externality.

6.1.1. Single spatial externality
In the first set of results, we model the spatial externality with an interaction kernel of the form

wðji� jjÞ ¼ A1 expð�α1ji� jj2Þ;
which is exponentially decaying with a single hump and corresponds to a single positive spatial externality. We choose
A1 ¼ 2, a1 ¼ 0:025, and the form of the kernel is shown in Fig. 2. For the corresponding interaction matrix W, and using the
fundamentals of the industry as described above, for each choice of parameters ðγ1; γ2Þ we generate the corresponding
stability matrix Ts ¼ Tðγ1; γ2Þ, both for the PF-RECE case (s¼0) and for the SO case (s¼1) and study its spectrum as a
function of the parameters ðγ1; γ2Þ. In Fig. 3, we present the region in the ðγ1; γ2Þ plane, which corresponds to the top
eigenvalue of the matrix Tðγ1; γ2Þ being in the interval ð0; r2=4Þ (shaded region). For values of ðγ1; γ2Þ within the shaded



Fig. 2. The kernel of a single positive spatial externality.

Fig. 3. Stability diagram with a single positive spatial externality. (For interpretation of the references to color in this figure caption, the reader is referred
to the web version of this paper.)
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region, we therefore expect agglomeration to occur. Note that this region corresponds to values of ðγ1; γ2Þ such that
γ1þγ241, but γ1o1, γ2o1. The red band is the result for the matrix T0 (the PF-RECE case) while the blue band is the result
for the matrix T1 (the SO case). It can be seen that both the PF-RECE and the SO equilibria may lead to agglomerations
if γ ¼ γ1þγ241, which implies increasing returns from the social point of view.

Keeping all parameters fixed for the same values as used in the two previous figures, we perturb the system from the
spatially homogeneous PF-RECE steady state k0, by a small random spatially varying perturbation. In Fig. 4 we show
the spatiotemporal evolution of the perturbed initial state, obtained by numerical integration of the resulting ODE, choosing
the values for the parameters γ1 ¼ 0:2, γ2 ¼ 0:7. From the stability results shown in Fig. 3, we expect no agglomeration for these
parameter values. As predicted by our theoretical results, the full numerical simulation indicates that the initial random spatial
disturbance soon dies out and the system equilibrates once more to the spatially homogeneous steady state. In Fig. 5 we do the
same as for Fig. 4, with the sole difference that we choose the values for the parameters γ1 ¼ 0:16, γ2 ¼ 0:878. From the stability
results shown in Fig. 3, we now, contrary to the previous case, expect agglomeration for these parameter values. Indeed, as
predicted by our theoretical results, the full numerical simulation indicates that the initial random spatial disturbance is
strengthened and soon a spatial pattern is formed which, even though it started from a random initial perturbation, has a well
defined shape, as the linear combination of the eigenvectors which correspond to the positive eigenvalues. Therefore, in this
case we have the emergence of agglomeration (akin to Turing instability) which is generated from the destabilization by spatial
interactions of a spatially homogeneous steady state. This pattern is compatible with the transversality condition, so we can call
this pattern the optimal emerging potential agglomeration at a PF-RECE.



Fig. 4. No agglomeration at the PF-RECE for γo1.

Fig. 5. Potential agglomeration emergence at the PF-RECE for γ41.

Fig. 6. No agglomeration at the social optimum for γo1.
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Keeping all parameters fixed for the same values as used in the two previous figures, we perturb the system from the
spatially homogeneous SO steady state k1, by a small random spatially varying perturbation. In Fig. 6 we show the
spatiotemporal evolution of the perturbed initial state for the parameters γ1 ¼ 0:2, γ2 ¼ 0:7. As predicted by our theoretical
results, the initial random spatial disturbance soon dies out and the system equilibrates once more to the SO spatially



Fig. 7. Potential agglomeration emergence at the social optimum for γ41.
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homogeneous steady state. In Fig. 7 we do the same as for Fig. 6, by allowing for increasing returns from the social point of
view, i.e. γ1 ¼ 0:122, γ2 ¼ 0:891. As predicted by our theoretical results, the initial random spatial disturbance is
strengthened and soon a spatial pattern is formed which, even though it started from a random initial perturbation, has
a well defined shape, as the linear combination of the eigenvectors which correspond to the positive eigenvalues. We have
again agglomeration (akin to Turing instability) which is generated from the destabilization by spatial interactions of a
spatially homogeneous steady state. This pattern is compatible with the transversality condition, so we can call this pattern
the emerging optimal agglomeration at the SO.

6.1.2. Composite spatial externality
In the second set of results we model a composite externality by an interaction kernel of the form

wðji� jjÞ ¼ A1expð�α1ji� jj2ÞþA2 expð�α2ji� jj2Þ: ð40Þ
By choosing A1 ¼ 2, a1 ¼ 0:025, A2 ¼ �0:5, a2 ¼ 0:0025, we now obtain a non-monotonic kernel with a single maximum and
two local minima as shown in Fig. 8. In (40) the first term corresponds to the positive externality and the second to the negative
externality. We generate as before the corresponding stability matrix T ¼ Tðγ1; γ2Þ and study its spectrum as a function of the
parameters ðγ1; γ2Þ. In Fig. 9, we present the region in the ðγ1; γ2Þ plane, which corresponds to the top eigenvalue of the matrix
Tðγ1; γ2Þ being in the interval ð0; r2=4Þ (shaded region). For values of ðγ1; γ2Þ within the shaded region we therefore expect
agglomeration to occur. Note that this region now corresponds to values of ðγ1; γ2Þ such that γ1þγ2o1. Thus a composite
externality induces agglomeration at a PF-RECE without increasing returns from the social point of view. Since the instability
satisfies the transversality condition, we again have optimal agglomeration at a PF-RECE. In this numerical example we use a
nonmonotonic kernel with negative local effects in order to be in line with the notion that spatial spillovers attenuate with
distance. As our numerical simulations indicate, for both the Cobb–Douglas and the CES technologies, nonmonotonicity is not
necessary for agglomeration emergence with decreasing returns to scale at the PF-RECE.

Keeping all parameters fixed for the same values as used in Figs. 8 and 9 we perturb the system from the spatially
homogeneous PF-RECE steady state k0, by a small random spatially varying perturbation. In Fig. 10 we show the
spatiotemporal evolution of the perturbed initial state for the parameters γ1 ¼ 0:16, γ2 ¼ 0:256. From the stability results
shown in Fig. 9, we expect agglomeration for these parameter values. Indeed, as predicted by our theoretical results, the
initial random spatial disturbance is strengthened and soon a spatial pattern is formed which, even though it started from a
random initial perturbation, has a well defined shape, as the linear combination of the eigenvectors of T0 which correspond
to the positive eigenvalues. Therefore, in this case we have agglomeration (akin to Turing instability) at a PF-RECE with
diminishing returns from both the private and the social point of view. Since the pattern satisfies the transversality
condition, we again may have an emerging optimal agglomeration at the PF-RECE.

We now, keeping all parameters fixed for the same values as used in Figs. 8 and 9, perturb the system from the spatially
homogeneous SO steady state k1 by a small random spatially varying perturbation. In Fig. 11 we show the spatiotemporal
evolution of the perturbed initial state, obtained by numerical integration of the resulting ODE, choosing the values for the
parameters γ1 ¼ 0:2, γ2 ¼ 0:7. From the stability results shown in Fig. 9, we expect no agglomeration for these parameter values.
Indeed the initial random spatial disturbance soon dies out and the system equilibrates once more to the spatially homogeneous
steady state. This is of course the result of strict concavity of the production function. In Fig. 12, we do the same as for Fig. 11, with
the sole difference that we allow for increasing returns from the social point of view by choosing γ1 ¼ 0:116, γ2 ¼ 0:9. From the
stability results shown in Fig. 3, we expect agglomeration for these parameter values. Indeed the full numerical simulation
indicates that the initial random spatial disturbance is strengthened and soon a spatial pattern is formed which, even though it



Fig. 8. The kernel of a composite – positive and negative – spatial externality.

Fig. 9. Stability diagram with a composite spatial externality.

Fig. 10. Potential agglomeration emergence at the PF-RECE for γo1.

W.A. Brock et al. / Journal of Economic Dynamics & Control 42 (2014) 143–174162



Fig. 11. No agglomeration at the social optimum for γo1.

Fig. 12. Potential agglomeration emergence at the social optimum for γ41.
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started from a random initial perturbation, has a well defined shape, as the linear combination of the eigenvectors which
correspond to the positive eigenvalues. Therefore, in this case we have agglomeration (akin to Turing instability) at the SO. This
pattern is compatible with the transversality condition and may induce optimal agglomeration.

6.2. The CES production function

As an illustration that increasing returns to scale, or f kK40 are not required for potential agglomeration emergence, we
now turn our attention to the study of a CES production function for which f kKo0. Consider the CES production function

f ðx; yÞ ¼ Aðβx� θþð1�βÞy�θÞ� γ=θ ;

where θZ�1, 0oβo1 and γ is the degree of homogeneity. This function evaluated at x¼ ki and y¼ ðWkÞi ¼∑jwijkj gives
the production at site i of the spatial economy. An elementary calculation yields

∂2f
∂x∂y

x; yð Þ ¼ Aγβ 1�βð Þ γþθð ÞðxyÞ�θ�1ðβx� θþð1�βÞy�θÞ� γ=θ�2;

so that at a flat steady state we have that

ρkK ¼ Aγβð1�βÞðγþθÞw�θ�1ðβþð1�βÞw�θÞ� γ=θ�2;

which can be negative as long as γþθo0. This condition can hold for realistic values of the parameters (i.e. for 0oγo1),
and yields decreasing returns to scale phenomena, in contrast with the Cobb–Douglas technology for which ρkK40 always.

As predicted by Proposition 4, in this case we may encounter instability of the flat steady state, leading to potential
agglomeration formation, if we have local negative externalities, which are stronger than a critical threshold. An estimate for



Fig. 13. Instability and the strength of the local negative externality.
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this critical threshold is given in Proposition 4.17 Note that the criterion of Proposition 4 is a sufficient criterion, meaning
that if this criterion is met then we definitely have instability; however, we may still have instability in cases where this
criterion is not met. Note also that the satisfaction of this criterion requires negative externalities locally, even on a single
site. The rest of the matrix W may have positive entries, corresponding in the economic model to positive externalities, and
most importantly, the average effect of the externalities as quantified by w can still be positive.

To illustrate the possibility of generation of agglomeration patterns in the case where ρkK o0 we choose the parameter values
A¼1, γ¼0.3, β¼0.6, θ¼�0.8 for the CES production function and consider a variety of kernels, scaled in such a way that w ¼ 1.
This yields ρ¼1, ρk ¼ 0:18, ρK ¼ 0:12, ρkk ¼ �0:09, ρKK ¼ �0:048 and importantly ρkK ¼ �0:036o0. The demand function is of
the form DðsÞ ¼ Bs� δ for the choice B¼1, δ¼�0.5, while q¼1, r¼0.03 and η¼0.02. We consider a spatial economy of N¼15
lattice sites. A straightforward application of Theorem 2 shows that in this case there exists a flat steady state for the PF-RECE at
k0 ¼ 0:9176. Since C1, C2, C3 are negative, our analysis predicts that agglomeration is possible only when local negative
externalities are present, i.e., when the matrix W has certain negative elements which are negative enough to drive part of the
spectrum of the stability matrix T0 to be positive. Note that to satisfy the transversality condition it will have to lie in the interval
½0; r2=4�. To make the effects of negative externalities on agglomeration evident, we choose a matrixWwhich is a perturbation of
the kernel of Eq. (40) for the choice A1 ¼ 2, a1 ¼ 0:0025, A2 ¼ �1:2 and a2 ¼ 0:015, for all lattice points apart from the case
where ji� jj ¼ ½N=2�þ1 (where ½�� denotes the integer part). In such a case we perturb the matrix by choosing the relevant entry
to be equal to w� , which is allowed to take values which are positive or negative. The matrix is constructed so that it is
symmetric, and normalized so that ∑jwij ¼w40 and always equal to 1. Furthermore, the diagonal entries of the matrix are
always positive.

Our theory predicts that we will not obtain the possibility of agglomeration unless there is strong negative externality, i.e.,
unless wne is less than a given (negative) threshold value. An estimate of the absolute value of this threshold is provided in
Proposition 4 but it must be emphasized that this is an approximation of a sufficient criterion, therefore it is conceivable that
patterns may occur even when the (absolute) value of the negative externality is smaller than the value predicted by this
criterion. To show the mechanism of agglomeration as an effect of the interplay of positive and negative entries in the matrix W,
we calculate numerically the top eigenvalue of the stability matrix T0 as a function of the negative externality entry wne of the
matrix W. In Fig. 13 we plot the value of the top eigenvalue of T0 as a function of the strength of the possible negative externality
wne. It is shown that if wne4wcr then the top eigenvalue of T0 is negative, therefore the flat steady state is stable and no
agglomeration phenomena are expected, whereas if wneowcr then the top eigenvalue of T0 becomes positive, thus leading to
instability of the flat steady state, akin to Turing agglomeration instability. Fig. 13 can be treated as a bifurcation diagram for
agglomeration in the system. In Fig. 14 we present a kernel profile that leads to potential agglomeration with decreasing returns
to scale and f kK o0.

7. Concluding remarks

We revisit the investment theory of a competitive firm in a spatial context where spatial externalities, which are regarded as a
positive externality in the production function, are determined by spatial proximity of firms. We show that spatial
17 There was no effort to make this estimate sharp; it is provided merely as an illustration that this phenomenon is indeed possible in the general case.



Fig. 14. A kernel profile leading to potential agglomeration.
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agglomerations may emerge endogenously in a competitive industry where firms do not internalize spatial knowledge spillovers.
The result does not require increasing returns either from the private or the social point of view, or location specific advantages at
the location where the externality emerges, and does depend on boundary conditions since our spatial domain is a circle. In fact
agglomeration at a PF-RECE is possible with decreasing returns to scale and positive or negative impact of the externality on the
marginal product of private capital for an appropriate structure of the spatial interaction matrix. Potential agglomeration in a
PF-RECE, when the externality is positively related to the marginal product of private capital, is driven by strong
complementarity between the firms’ stock of capital and the spatial externality, potential existence of positive and negative
local spillovers but positive aggregate externality, and relatively large deviations between own and other-locations effects on the
aggregate externality. These factors can be regarded as generalized centrifugal forces. Spatial agglomerations do not emerge as
the SO when knowledge spillovers are internalized and the production function is characterized by strict concavity, i.e. we have
diminishing returns both from the private and the social point of view. Agglomeration may emerge at the PF-RECE and the SO
when the centrifugal forces are combined with diminishing returns from the private point of view but increasing returns from
the social point of view.

Due to the well known complexity of spatial models, we try to obtain more insights through numerical experiments.
Using a Cobb–Douglas production function and an isoelastic demand function, we show that agglomeration at the PF-RECE
with diminishing returns from the private and social point of view may emerge when the global externality is positive but it
consists of positive and negative components. Using a CES production function we show that agglomeration may emerge
with decreasing returns to scale even when the externality has a negative impact on the marginal productivity of private
capital. This result depends on the existence of strong negative local externality effects. Thus our numerical experiments
confirm all our theoretical predictions about the potential emergence or not of agglomerations.

The deviation between the PF-RECE and the SO stemming from the fact that each firm neglects the impact of its own action
on the aggregate externality suggests that, in the spirit of welfare analysis of models with externalities, a capital subsidy is
required in order for the PF-RECE to reproduce the SO. This subsidy should be equal to ψ iðtÞ ¼∑N

l ¼ 1wlif K ðkni ðtÞ;∑N
r ¼ 1wirk

n

r ðtÞÞ
per unit of capital held by each firm at location i so that private and social marginal products are equal.

The results obtained in this paper suggest that agglomerations are possible as a long-run equilibrium outcome in a
competitive industry with spatial spillovers and forward-looking agents. We think that the ability to study agglomeration
emergence in the context of a full dynamic model with optimizing forward-looking agents is a reasonable trade-off for not
taking into account some important features of new economic geography models, such as transport costs, product
differentiation, mobile labor vs immobile “farmers” , or forward/backward linkages. Incorporating these aspects into our
dynamic framework will bring our model closer to the economic geography models but will considerably increase its
complexity. This is undoubtedly a direction for extension of our model.
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Appendix A. Proofs of stated results

A.1. A useful lemma
Lemma 1. Assume that demand D:Rþ-Rþ is a non-increasing function. Then the function S:RN-R, defined by

SðkÞ≔
Z Q ðk;WkÞ

0
DðsÞ ds;

is a concave function of k as long as the production function f is a concave function.
Proof. We consider first the function D:Rþ-Rþ , defined by DðxÞ≔ R x0 DðsÞ ds. This is a concave function. Indeed, taking
without loss of generality xo ðxþyÞ=2oy, we observe that

1
2

D xð ÞþD yð Þ� ��D
xþy
2


 �
¼ 1
2

Z y

ðxþyÞ=2
DðsÞ ds�

Z ðxþyÞ=2

x
DðsÞ ds

" #
r0;

since D is a non-increasing function. Therefore D is concave. If D is strictly non-increasing, then D is strictly concave.
Furthermore, by its definition, D is also an increasing function with respect to x. Se is the composition of the concave and

increasing function D with the function Qe:RN-R, defined by QeðkÞ ¼∑N
i ¼ 1f ðki;Ke

i Þ, which is clearly concave since the
production function is assumed concave. Therefore Se is a concave function of k as the composition of an increasing concave
function with a concave function. Similarly, for Q(k). This is the composition of the increasing and concave function D, with
Q :RN-R, where Q ðkÞ ¼ f ðk;WkÞ. Since Wk is a linear function and f is concave, Q is a concave function of k, therefore S is a
concave function of k. □

A.2. Linearization for the Proof of Theorem 2

We linearize

Fi≔DðQ ðk;WkÞÞ f k ki;∑
r
wirkr

� 	
þs∑

ℓ
wℓif K kℓ;∑

j
wℓjkj

 !" #
ð41Þ

around a homogeneous steady state k. Note that k changes with s, so we denote it as ks (s¼0 or 1). Consider then κ¼ ksþϵk
(meaning that κi ¼ ksþϵki for every i). We do the linearization of the three terms involved separately:

(i) The term D(Q): Since

Q ðκ;WκÞ ¼∑
ℓ
f κℓ;∑

r
wℓrκr

� 	
¼∑

ℓ
f ksþϵkℓ;wksþϵ∑

r
wℓrkr

� 	
;

linearizing with respect to ϵ we get

Q ðκ;WκÞ ¼∑
ℓ
f ðks;wksÞþϵ∑

ℓ
f kðks;wksÞkℓþϵ∑

ℓ
f K ðks;wksÞ∑

r
wℓrkr

¼Nf ðks;wksÞþϵf kðks;wksÞ∑
ℓ
kℓþϵf K ðks;wksÞ∑

r
∑
ℓ
wℓrkr :

For the last term we first perform the inner summation which yields that ∑ℓwℓr ¼w for every r, so that

Q ðκ;WκÞ ¼Nf ðks;wksÞþϵf kðks;wksÞ∑
ℓ
kℓþϵwf K ðks;wksÞ∑

r
kr ;

which yields

Q ðκ;WκÞ ¼Nf ðks;wksÞþϵðf kðks;wksÞþwf K ðks;wksÞÞ∑
ℓ
kℓ:

Therefore,

DðQ Þ ¼DðNf ðks;wksÞÞþϵD0ðNf ðks;wksÞÞðf kðks;wksÞþwf K ðks;wksÞÞ∑
ℓ
kℓ:

This is simplified, using the notation

DðQ Þ ¼ A0þϵA1∑
ℓ
kℓ

where

A0 ¼DðNf ðks;wksÞÞ;
A1 ¼D0ðNf ðks;wksÞÞðf kðks;wksÞþwf K ðks;wksÞÞ:
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(ii) The term f kðki;∑rwirkrÞ: We have that

f k κi;∑
r
wirκr

� 	
¼ f k ksþϵki;wksþϵ∑

r
wirkr

� 	
¼ f kðks;wksÞþϵf kkðks;wksÞkiþϵf kK ðks;wksÞ∑

r
wirkr :

This is expressed in the more compact notation

f k κi;∑
r
wirκr

� 	
¼ B0þϵB11kiþϵB12∑

r
wirkr

where

B0 ¼ f kðks;wksÞ;
B11 ¼ f kkðks;wksÞ;
B12 ¼ f kK ðks;wksÞ:

(iii) The term s∑ℓwℓif K kℓ;∑jwℓjkj
� �

: We have that

s∑
ℓ
wℓif K κℓ;∑

j
wℓjκj

 !
¼ s∑

ℓ
wℓif K ksþϵkℓ;∑

j
wℓjðksþϵkjÞ

 !

¼ s∑
ℓ
wℓif K ksþϵkℓ;wksþϵ∑

j
wℓjkj

 !

¼ s∑
ℓ
wℓi f K ðks;wksÞþϵf Kkðks;wksÞkℓþϵf KK ðks;wksÞ∑

j
wℓjkj

( )

¼ swf K ðks;wksÞþϵsf Kkðks;wksÞ∑
ℓ
wℓikℓþϵsf KK ðks;wksÞ∑

ℓ
∑
j
wℓiwℓjkj:

This is expressed in the more compact notation

s∑
ℓ
wℓif K κℓ;∑

j
wℓjκj

 !
¼ C0þϵC11∑

ℓ
wℓikℓþϵC12∑

ℓ
∑
j
wℓiwℓjkj

where

C0 ¼ swf K ðks;wksÞ;
C11 ¼ sf Kkðks;wksÞ;
C12 ¼ sf KK ðks;wksÞ:

We now calculate the linearization of Fi as

Fi ¼ A0ðB0þC0ÞþϵðB0þC0ÞA1∑
ℓ
kℓþϵA0B11kiþϵA0ðB12þC11Þ∑

r
wirkrþϵA0C12∑

ℓ
∑
j
wℓiwℓjkj:

A.3. Proof of Proposition 2

We work in the setting of Theorem 2 setting s¼0.
(i) If γo1 then the function DðsÞsðγ�1Þ=γ is strictly decreasing, and if condition (32) holds then by standard continuity

arguments the scalar algebraic equation defining the steady state admits a unique solution k0. The rest follows by routine
application of Theorem 2 for s¼0.

(ii) If γ41, the function DðsÞsðγ�1Þ=γ is not necessarily strictly decreasing. Calculating the derivative of this function we
note that for s40, this function is strictly decreasing if the condition on the elasticity of demand holds. The rest of the proof
follows as in (i).

A.4. Proof of Proposition 3

We work in the setting of Theorem 2 setting s¼0. We observe that the matrix T0 consists of three contributions. The first
one is diagonal T0;1 ¼ C1I, and furthermore, C1o0 always. The second contribution is T0;2 ¼ C21 and C2o0 always.
Therefore, the matrix T0;1þT0;2 consists of negative elements. The first two contributions depend on the matrix W only
through w (and we assume that overall externalities are positive in the sense that w40). The third contribution to this
matrix is fundamentally different: it is T0;3 ¼ C3W and this may contain positive or negative contributions depending on the
particular elements on the matrix W, wij. For a composite kernel combining positive and negative spatial externalities, some
elements wij may be positive and some may be negative. If

T0;ii≔C1þC2þC3wiir0; 8 iAN
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T0;ij≔C2þC3wijZ0; 8 i; jAN ; ia j;

then the matrix T0 is a Metzler matrix and this provides detailed information concerning its stability properties. In
particular, a Metzler matrix is asymptotically stable if and only if its diagonal elements are negative. Therefore, if W and the
other fundamentals of the system are such that the two above inequalities hold, the first with strict inequality, then all the
eigenvalues of T0 have real parts which are negative, and by Theorem 2 we expect no agglomerations. What remains is to
check the validity of the above conditions.

Using the definition of the terms C1, C2, C3, the off-diagonal terms are expressed as

T0;ij ¼ k
γ�2
0 D ρNk

γ

0


 �
ρk ρkþwρK
� �

k
γ

0
D

0 ðρNkγ

0Þ
DðρNkγ

0Þ
þρkKwij

 !

and since k
γ�2
0 DðρNkγ

0Þ40, the off-diagonal terms will have the same sign as

Iij≔ρk ρkþwρK
� �

k
γ

0
D

0 ðρNkγ

0Þ
DðρNkγ

0Þ
þρkKwij:

The first term of this sum is clearly negative, so Iij can be positive if the second term is sufficiently large and positive. Since in
principle we allow ρkK40, this implies that wij is sufficiently large. Using the notation s¼ ρNk

γ

0 and employing
Assumption 3,

ρk
ρN

ρkþwρK
� �

EDþρkKwijr Iijr
ρk
ρN

ρkþwρK
� �

EDþρkKwij:

A similar calculation allows us to express the diagonal terms as

T0;ii ¼ k
γ�2
0 D ρNk

γ

0


 �
ρkkþρk ρkþwρK

� �
k
γ

0
D0ðρNkγ

0Þ
DðρNkγ

0Þ
þρkKwii

 !
;

and since k
γ�2
0 DðρNkγ

0Þ40, the diagonal terms will have the same sign as

Iii≔ρkkþρk ρkþwρK
� �

k
γ

0
D

0 ðρNkγ

0Þ
DðρNkγ

0Þ
þρkKwii:

Using the notation s¼ ρNk
γ

0 and employing Assumption 3,

ρkkþ
ρk
ρN

ρkþwρK
� �

EDþρkKwiir Iiirρkkþ
ρk
ρN

ρkþwρK
� �

EDþρkKwii:

The stability matrix is a stable Metzler matrix if TijZ0 and Tiio0. By the above estimates, this will happen if

0r ρk
ρN

ρkþwρK
� �

EDþρkKwij;

ρkkþ
ρk
ρN

ρkþwρK
� �

EDþρkKwiio0:

On the other hand, if TijZ0 and TiiZ0 then T0 is a positive matrix . This will happen if the fundamentals of the economy are
such that

0r ρk
ρN

ρkþwρK
� �

EDþρkKwij;

ρkkþ
ρk
ρN

ρkþwρK
� �

EDþρkKwiiZ0:

If the above conditions hold, then according to the Perron–Frobenious theorem, T0 has a real maximal eigenvalue λn, which
is positive. In particular we have an estimate for this eigenvalue in terms of mini∑jT0;ijrλnrmaxi∑jT0;ij. We can easily see
that

∑
j
T0;ij ¼ k

γ�2
0 DðρNkγ

0Þ Iiiþ ∑
ja i

Iij

 !
≕k

γ�2
0 DðρNkγ

0ÞJi;

and

Ji≔Iiiþ ∑
ja i

Iij ¼ ρkkþ
ρk
ρ

ρkþwρK
� �sD0ðsÞ

DðsÞ þρkK∑
j
wij ¼ ρkkþ

ρk
ρ

ρkþwρK
� �sD0ðsÞ

DðsÞ þρkKw:

This term is independent of i so in fact the maximal eigenvalue is equal to

λn ¼ k
γ�2
0 D ρNk

γ

0


 �
ρkkþ

ρk
ρ

ρkþwρK
� �sD0ðsÞ

DðsÞ þρkKw
� 	
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where s¼ ρNk
γ

0, or recalling the definition of the spatially homogeneous steady state, k0,

λn ¼ M

k0ρk
ρkkþ

ρk
ρ

ρkþwρK
� �sD0ðsÞ

DðsÞ þρkKw
� 	

:

The above estimate allows us to check the condition λnA ð0; r2=4�, which by Theorem 2 is the condition for occurrence of
agglomerations in the PF-RECE case. For example, one easily understands from this estimate that we expect instability if the
kernel is such that

H≔ρkkþ
ρk
ρ

ρkþwρK
� �

EDþρkKw40

which, taking into account the negativity of ρkk and ED and the positivity of ρkK , is a condition on largeness of w. To see this,
rearrange the above term as

H¼ ρkkþ
ρ2k
ρ
EDþ

ρkρK
ρ

EDþρkK

� 	
w:

If the overall effect of the externalities is positive, then H can be positive if ðρkρK=ρÞEDþρkK40 and if w is large enough. The
conditions for instability in this case are

V≔
ρkρK
ρ

EDþρkK40;

w4
�ρkk�

ρ2k
ρ ED

V
¼ �ρρkk�ρ2kED

ρkρKEDþρρkK
:

A.5. Proof of Proposition 4

Recall the following result which holds for real symmetric matrices. Let A be a symmetric matrix. This has real
eigenvalues which can be ordered from the minimum to the maximum one and let λmax and λmin be the maximum and the
minimum eigenvalues. Consider the Rayleigh quotient

RA xð Þ ¼ ðAx; xÞ
ðx; xÞ ; 8xARN :

Then we have the following theorem (Rayleigh–Ritz)

λmax ¼max
xa0

ðAx; xÞ
ðx; xÞ ¼ max

ðx;xÞ ¼ 1
Ax; xð Þ;

λmin ¼min
xa0

ðAx; xÞ
ðx; xÞ ¼ min

ðx;xÞ ¼ 1
Ax; xð Þ;

which implies that λmaxZ ðAy; yÞ=ðy; yÞ for any yARN . This provides a variety of bounds for the top eigenvalue of varying
sharpness, by using different choices of y. For example if y¼ ei is the unit vector in the i direction, then we see that λmaxZaii
and this is true for any i¼ 1;…;N. If y¼ ð1;1;…;1Þtr then ðy; yÞ ¼N and the Rayleigh–Ritz characterization gives
λmaxZ ð1=NÞ∑i∑jaij. A great variety of other choices in between can be used.

This approach can be used to provide lower bounds for the maximum eigenvalue of the stability matrix Ts. If we manage
to show that λmax40 then know that we have instability, so it is enough to show that by the Rayleigh–Ritz characterization
we may obtain a strictly positive lower bound. Since ðy; yÞZ0 for any yARN it is enough to consider the numerator
ðTsy; yÞ ¼∑i∑jTs;ijyiyj for any y¼ ðy1;…; yNÞtr . Using the definition of the matrix Ts we have that

λmaxZC1∑
i
y2i þC2∑

i
∑
j
yiyjþC3∑

i
∑
j
wijyiyjþC4∑

i
∑
j
wð2Þ

ij yiyj

which is true for every y¼ ðy1;…; yNÞARN where wð2Þ
ij ¼∑kwikwkj. If we find a choice yARN such that the term of the right-

hand side is strictly positive, then we have that λmax40 and we are done! Note that we are allowed to choose vectors y with
negative entries. Also note that if s¼0 then C4 ¼ 0.

So we focus on the quantity

IðyÞ≔C1∑
i
y2i þC2∑

i
∑
j
yiyjþC3∑

i
∑
j
wijyiyjþC4∑

i
∑
j
wð2Þ

ij yiyj

¼ C1∑
i
y2i þC2 ∑

i
yi

 !2

þC3∑
i
∑
j
wijyiyjþC4∑

i
∑
j
wð2Þ

ij yiyj:

and our aim is to show that there exists yARN such that IðyÞ40.
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To this end let wnm be the most negative element of matrix W, i.e., wnm ¼minðwij; ia jÞ and assume that wnmo0. Choose
yARN such that yi ¼ 0 if ian;m and yn ¼ ym ¼ 1

2. We now calculate I(y) for this choice of y. This yields

I¼ 1
2 C1þC2þ1

4 C3 wnnþ2wnmþwmmð Þþ1
4 C4 wð2Þ

nn þ2wð2Þ
nmþwð2Þ

mm

� �
:

Note that C1 and C2 are negative. Furthermore, since we concentrate on the case where ρkKo0, we also have that C3o0.
Finally, in the PF-RECE case we have s¼0 it follows that C4 ¼ 0. We rewrite I in such a way as to make clear the signs of the
various contributions, i.e. using C1 ¼ �jC1j, C2 ¼ �jC2j, C3 ¼ �jC3j, wnm ¼ �jwnmj, wnn ¼ jwnnj and wmm ¼ jwmmj. Doing that
yields

I¼ jC3j
2

jwnmj�
1
2
wnnþwmmð Þ�jC1j

jC3j
�2

jC2j
jC3j

� �

and I40 as long as

jwnmj41
2
wnnþwmmð ÞþjC1j

jC3j
þ2

jC2j
jC3j

:

This condition can be simplified even further to

jwnmj4
1
2
wnnþwmmð Þþ ρkk

ρkK
þðρkþwρK Þρk

ρkK

D0ðρNkγ

0Þ
DðρNkγ

0Þ
k
γ

0:

A.6. Proof of Proposition 5

We work in the setting of Theorem 2 setting s¼1, and apply arguments similar to the ones used in the proof of
Proposition 2 (ii). The details are omitted.

A.7. Proof of Proposition 6

We work in the setting of Theorem 2 setting s¼1. The off-diagonal elements of the matrix T1 are

T1;ij ¼
1
α
k
γ�2
1 D sð Þ ðρkþwρK Þ2

1
ρN

sD0ðsÞ
DðsÞ þ2ρkKwijþρKK∑

r
wirwrj

� 	
;

whereas the diagonal terms are

T1;ii ¼
1
α
k
γ�2
1 D sð Þ ρkkþðρkþwρK Þ2

1
ρN

sD0ðsÞ
DðsÞ þ2ρkKwiiþρKK∑

r
wirwri

� 	

where s¼ ρNk
γ

1. Since k
γ�2
1 DðsÞ40, for every k140, the signs of the terms T1;ij, T1;ii coincide with the signs of the terms Iij, Iii

respectively, where

Iij≔ðρkþwρK Þ2
1
ρN

sD0ðsÞ
DðsÞ þ2ρkKwijþρKK∑

r
wirwrj; ia j;

Iii≔ρkkþðρkþwρK Þ2
1
ρN

sD0ðsÞ
DðsÞ þ2ρkKwiiþρKK∑

r
wirwri:

Similar arguments to those used in Proposition 6 provide us with lower and upper bounds for these terms, in particular,

ðρkþwρK Þ2
1
ρN

EDþ2ρkKwijþρKK∑
r
wirwrjr Iij

rðρkþwρK Þ2
1
ρN

EDþ2ρkKwijþρKK∑
r
wirwrj;

and

ρkkþðρkþwρK Þ2
1
ρN

EDþ2ρkKwiiþρKK∑
r
wirwrir Iii

rρkkþðρkþwρK Þ2
1
ρN

EDþ2ρkKwiiþρKK∑
r
wirwri:

The matrix T1 is a Hurwitz stable Metzler matrix if T1;ijZ0 and T1;iio0. Using the above bounds we see that this is the
case if

0r ðρkþwρK Þ2
1
ρN

EDþ2ρkKwijþρKK∑
r
wirwrj;

ρkkþðρkþwρK Þ2
1
ρN

EDþ2ρkKwiiþρKK∑
r
wirwrir0:
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If the above conditions are true, the spectrum of the matrix T1 is negative, and using Theorem 2 no agglomeration patterns
are expected to occur.

If T1;ijZ0 and TiiZ0, then T1 is a positive matrix and using the Perron–Frobenius theorem the top eigenvalue is positive,
therefore by Theorem 2 we expect the emergence of agglomeration patterns. Using the lower bounds obtained we see that
this will happen if

0r ðρkþwρK Þ2
1
ρN

EDþ2ρkKwijþρKK∑
r
wirwrj;

0ZρkkþðρkþwρK Þ2
1
ρN

EDþ2ρkKwiiþρKK∑
r
wirwri:

We may furthermore estimate the top eigenvalue using the estimate mini∑jT1;ijrλnrmaxi∑jT1;ij. Some algebra yields that

∑
j
T1;ij ¼

1
α
k
γ�2
1 D ρNk

γ

1


 �
∑
j
Iij;

and

∑
j
Iij ¼ ρkkþðρkþwρK Þ2

1
ρ

sD0ðsÞ
DðsÞ þ2ρkKwþρKK ∑

ja i
∑
r
wirwrjþ∑

r
wirwir

 !
:

Note that

∑
ja i

∑
r
wirwrjþ∑

r
wirwir

 !
¼∑

j
∑
r
wirwrj ¼∑

j
∑
r
wirwjr

� 	
¼∑

j
wjr ∑

r
wir

� 	
¼w∑

j
wjr ¼w2;

by Assumption 2, so that

∑
j
Iij ¼ ρkkþðρkþwρK Þ2

1
ρ

sD0ðsÞ
DðsÞ þ2ρkKwþρKKw

2:

As this is independent of i, we obtain the maximal eigenvalue as

λn ¼ 1
α
k
γ�2
1 D ρNk

γ

1


 �
ρkkþðρkþwρK Þ2

1
ρ

sD0ðsÞ
DðsÞ þ2ρkKwþρKKw

2
� 	

;

which, keeping in mind the definition of k1, simplifies to

λn ¼ 1
α

M

ðρkþwρK Þk1
ρkkþðρkþwρK Þ2

1
ρ

sD0ðsÞ
DðsÞ þ2ρkKwþρKKw

2
� 	

:

This expression allows us to check whether the top eigenvalue is less than r2
4 , as long as the steady state k1 is known, and this

is usually obtained by a very straightforward calculation (even if we need to calculate it numerically, it only involves the
solution of a single algebraic equation).

A.8. Details on the Cobb–Douglas example

For the Cobb–Douglas production function we have

f ðks;wksÞ ¼ Cwγ2k
γ

s;

f 1ðks;wksÞ ¼ γ1Cw
γ2k

γ�1
s ;

f 2ðks;wksÞ ¼ γ2Cw
γ2 �1k

γ�1
s ;

wf 2ðks;wksÞ ¼ γ2Cw
γ2k

γ�1
s ;

f 1ðks;wksÞþwf 2ðks;wksÞ ¼ γCwγ2k
γ�1
s ;

f 11ðks;wksÞ ¼ γ1ðγ1�1ÞCkγ1 �2
s wγ2k

γ2
s ¼ γ1ðγ1�1ÞCwγ2k

γ�2
s ;

f 12ðks;wksÞ ¼ γ1γ2Ck
γ1 �1
s wγ2 �1k

γ2 �1
s ¼ γ1γ2Cw

γ2 �1k
γ�2
s ;

f 22ðks;wksÞ ¼ γ2ðγ2�1ÞCkγ1
s wγ2 �2k

γ2 �2
s ¼ γ2ðγ2�1ÞCwγ2 �2k

γ�2
s :

Using the isoelastic demand function D we obtain

DðNf ðks;wksÞÞ ¼ BC� δw� δγ2k
� δγ

s N� δ;

D0ðNf ðks;wksÞÞ ¼ �δBC�ð1þ δÞw�ð1þ δÞγ2k
�ð1þ δÞγ
s N�ð1þ δÞ:

Therefore

A0 ¼ BC� δw� δγ2k
� δγ

s N� δ;
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A1 ¼ �δγBC� δw� δγ2k
�ð1þ δγÞ
s N�ð1þ δÞ;

B0 ¼ γ1Cw
γ2k

γ�1
s ;

B11 ¼ γ1ðγ1�1ÞCwγ2k
γ�2
s ;

B12 ¼ γ1γ2w
γ2 �1Ck

γ�2
s ;

C0 ¼ sγ2Cw
γ2k

γ�1
s ;

C11 ¼ sγ1γ2Cw
γ2 �1k

γ�2
s ;

C12 ¼ sγ2ðγ2�1ÞCwγ2 �2k
γ�2
s

and

A0B11 ¼ γ1ðγ1�1ÞBC1� δwγ2ð1� δÞk
γð1� δÞ�2
s N� δ;

A1ðB0þC0Þ ¼ �δγðγ1þsγ2ÞBC1� δwγ2ð1� δÞk
γð1� δÞ�2
s N�ð1þ δÞ;

A0ðB12þC11Þ ¼ ð1þsÞγ1γ2BC1� δwγ2ð1� δÞ�1k
γð1� δÞ�2
s N� δ;

A0C12 ¼ sγ2ðγ2�1ÞBC1� δwγ2ð1� δÞ�2k
γð1� δÞ�2
s N� δ:

Therefore the stability matrix is of the form

Ts ¼ C1IþC21þC3WþC4W
2;

where

C1 ¼
1
α
γ1 γ1�1
� �

BC1� δwγ2ð1� δÞk
γð1� δÞ�2
s N� δ;

C2 ¼ �1
α
δγ γ1þsγ2
� �

BC1� δwγ2ð1� δÞk
γð1� δÞ�2
s N�ð1þ δÞ;

C3 ¼
1
α
1þsð Þγ1γ2BC1� δwγ2ð1� δÞ�1k

γð1� δÞ�2
s N� δ;

C4 ¼
1
α
sγ2 γ2�1
� �

BC1� δwγ2ð1� δÞ�2k
γð1� δÞ�2
s N� δ:

This fully characterizes the stability matrix Ts in both cases (s¼0 the RE case, s¼1 the SO case) in terms of the
homogeneous steady state ks. However, since ks depends on the fundamentals of the economy (the parameters of the
system), it is best at this stage to explicitly calculate ks in terms of the fundamentals of the economy, substitute in the above
expressions and thus obtain the matrix Ts purely in terms of the parameters of the system.

To perform this calculation, recall that the steady state ks is given by the solution of the equation

A0ðB0þC0Þ�M¼ 0

where M¼ qðρþηÞ. We see that

A0ðB0þC0Þ ¼ ðγ1þsγ2ÞBC1� δwγ2ð1� δÞk
�1þ γð1� δÞ
s ;

so that the steady state is given by

ks ¼
M

γ1þsγ2

� 	1=ð�1þ γð1� δÞÞ
B�1=ð�1þ γð1� δÞÞC�ð1� δÞ=ð�1þ γð1� δÞÞw� γ2ð1� δÞ=ð�1þ γð1� δÞÞNδ=ð�1þ γð1� δÞÞ;

or in terms of ρ1 ¼ �1þγð1�δÞ,

ks ¼
M

γ1þsγ2

� 	1=ρ1
B�1=ρ1C�ð1� δÞ=ρ1w� γ2ð1� δÞ=ρ1Nδ=ρ1 : ð42Þ

We now substitute expression (42) for ks into the stability matrix, to obtain the final form in terms of the parameters of
the system only. This gives (upon collecting all similar terms)

Ts ¼ C1IþC21þC3WþC4W
2;

where

C1 ¼
1
α
γ1 γ1�1
� � M

γ1þsγ2

� 	ðρ1 �1Þ=ρ1
B1=ρ1Cð1� δÞ=ρ1wγ2ð1� δÞ=ρ1N� δ=ρ1 ;

C2 ¼ �1
α
δγ γ1þsγ2
� � M

γ1þsγ2

� 	ðρ1 �1Þ=ρ1
B1=ρ1Cð1� δÞ=ρ1wγ2ð1� δÞ=ρ1Nð1� δÞð1� γÞ=ρ1 ;
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C3 ¼
1
α
1þsð Þγ1γ2

M
γ1þsγ2

� 	ðρ1 �1Þ=ρ1
B1=ρ1Cð1� δÞ=ρ1wγ2ð1� δÞ=ρ1 �1N� δ=ρ1 ;

C4 ¼
1
α
sγ2 γ2�1
� � M

γ1þsγ2

� 	ðρ1 �1Þ=ρ1
B1=ρ1Cð1� δÞ=ρ1wγ2ð1� δÞ=ρ1 �2N� δ=ρ1 ;

and ρ1 ¼ �1þγð1�δÞ.
We finally note that the matrix Ts can be expressed as

Ts ¼ τfγ1ðγ1�1ÞI�δγðγ1þsγ2ÞN�11þð1þsÞγ1γ2w�1Wþsγ2ðγ2�1Þw�2W2g;

where

τ≔
1
α

M
γ1þsγ2

� 	ðρ1 �1Þ=ρ1
B1=ρ1Cð1� δÞ=ρ1wγ2ð1� δÞ=ρ1N� δ=ρ1 :

We now have everything in terms of the primitives of the model, and by using numerical algebra techniques we can find
the spectrum of the matrix T, and find parameter values for which agglomeration occurs. The patterns that occur can be
obtained from the spatial form of the relevant eigenvectors.

In closing, we provide explicit forms for the stability criterion of Propositions 3 and 6. For the Cobb–Douglas utility
function,

ρ¼wγ2 ; ρk ¼ γ1w
γ2 ; ρK ¼ γ2w

γ2 �1; ρkþwρK ¼ γwγ2 ;

ρkk ¼ γ1ðγ1�1Þwγ2 ; ρkK ¼ γ1γ2w
γ2 �1; ρKK ¼ γ2ðγ2�1Þwγ2 �2:

Therefore,

� ρkk
ρkK

¼ 1�γ1
γ2

w;
1
ρN

ρk
ρkK

ρkþwρK
� �¼ γ

Nγ2
w;

so that the stability criterion for PF-RECE becomes

wiio
1�γ1
γ2

wþ δ

N
γ

γ2
w;

wij4
δ

N
γ

γ2
w:
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