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Abstract Computable general equilibrium (CGE) models play a central role in mod-
ern economic modeling, bearing on a wide range of important applications in inter-
national climate and trade policies, growth and development of countries, national
income distribution and equality studies. We formulate a canonical CGE model as
a complementarity problem and introduce CIM-EARTH, a collection of open-source
extended mathematical programming (EMP) frameworks written in AMPL and C++
for automatically generating and solving the resultant complementarity problems.
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1 Introduction

Computable general equilibrium (CGE) models, originally proposed by Johansen
(1960), play a central role in modern economic modeling. Such models are used
in a wide range of important applications in international climate and trade poli-
cies, growth and development of countries, national income distribution and equality
studies; see [Adelman and Robinson (1989); Löschel (2002); Lee et al. (2009)], for
example. In this article, our canonical CGE model is essentially a collection of non-
linear programming (NLP) problems, which together maximize producer profits and
consumer utilities, and simultaneously satisfy a set of market-clearing conditions that
enforce no excessive supplies of goods and services in an economy. We may relate
CGE models to mathematical programs with equilibrium constraints (MPECs), which
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are first systematically treated in Luo et al. (1996), or multiple optimization problems
with equilibrium constraints (MOPECs), an even more general framework recently
proposed by Britz et al. (2013) in complex economic modeling of water allocation
and management.

Suppose that we are given an NLP of the form minx∈Rn ,y∈Rm f (x, y) subject to
inequality constraints c(x, y) ≥ 0. If the variables y are further subject to comple-
mentarity constraints, 0≤ y ⊥ F(x, y)≥0, where F is a map from R

n+m to R
m , and

⊥ means that elementwise, equality must hold at one or both sides, then we have an
MPEC. More generally, suppose that we are given a set of agents, A. For each agent
a ∈ A, let xa be the agent’s decision variables, which are nonnegative and bounded
above by ua ; and let fa and ca be his objective and constraint functions, respectively.
Denote by x−a other agents’ decision variables and denote by p the remaining vari-
ables not controlled by any agent. Then a MOPEC may take the following form as a
collection of MPECs:

For each a ∈ A,

⎧
⎪⎨

⎪⎩

max0≤xa≤ua fa(xa, x−a, p)

s.t. ca(xa, x−a, p) ≥ 0,

≤ p ⊥ F(xa, x−a, p) ≥ 0.

Applications of MOPECs abound in non-cooperative games and their variants;
see Leyffer and Munson (2010), for instance. In a CGE model, the agents are typ-
ically producers and consumers. For a given producer a, xa represent amounts of
outputs and inputs used in the associated production process, the objective fa usually
represents profits, and ca constrains the amounts of outputs in relation to the amounts
of inputs (we note that x−a does not enter directly into the definitions of fa and ca

in our CGE model). Then p and F are equilibrium prices and excessive supplies of
products with respect to demands in the economy.

For an NCP, we may apply a robust nonlinear optimization solver such as MINOS
(2013) by Murtagh and Saunders (1983). However, for the more general cases of
MPECs and MOPECs, we require a solver that can handle complementarity conditions.
Furthermore, the unknowns in a MOPEC are intermixed in its constituent MPECs. An
approach towards solving such a problem is to consider their first-order conditions,
which form a system of simultaneous complementarity conditions. We can then apply
an iterative solver such as PATH developed by Dirske, Ferris, and Munson, to the
resultant complementarity problem (CP), an area essentially launched by the works
of Cottle (1966) and Cottle and Dantzig (1968). For details on the subject and its
development, we refer readers to the encyclopedic volumes Cottle et al. (2009) and
Facchinei and Pang (2003). We note that both MINOS and PATH have interfaces in
multiple programming languages such as FORTRAN and AMPL (see Fig. 1).

A general MOPEC may have no solution, a unique solution, finitely many, or
infinitely many solutions. In the case of our canonical CGE model, it can be shown
that a solution exists and is unique. Furthermore, the solution of the corresponding
complementarity problem is in fact the unique solution of the CGE problem.

In this work, our main goals are to first derive the formulation of a canonical CGE
model as a CP. Second, we want to provide an implementation that is as close to the
mathematical formulation as possible (cf. Example 2.1 and Fig. 2; also cf. the CP
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Fig. 1 AMPL offers an open framework for developers to build software packages for solving different
classes of generic optimization problems. CIM-EARTH, dependent on PATH, is an application framework
tailored to CGE problems in policy research related to emission of greenhouse gases or other economic
(by-)products; it is realized in the two software packages ASCEF and OSCEF

form of a CGE problem in Sect. 2.5 and the AMPL code listing in Appendix 5). For
the purpose, we choose AMPL instead of other CP modeling languages such as GAMS

or MATLAB. Munson (2000), (Sections 2.3.3 and 2.4.4) additionally warns of pitfalls
in GAMS and MATLAB. Readers are referred to Table 1 for a brief syntax comparison
of the three languages.

A realistic CGE model may contain as many as 10,000 or more variables and the
derivation of its complementarity form can be tedious; such challenges warrant devel-
opment of specialized software such as CIM-EARTH by Elliott et al. (2010) which is a
collection of AMPL and C++ extended mathematical programming (EMP) frameworks,
respectively known in acronyms as ASCEF and OSCEF, for automatically generating
and solving the resultant complementarity problems. In particular, users may simulate
changes in prices and outputs by introducing taxes or subsidies in various scenarios of
economic policies for selected production or consumption processes. We refer readers
to Fig. 1 and Sect. 3 for further details of AMPL, PATH, CIM-EARTH, ASCEF, and OSCEF.

The outline of this paper is as follows: In Sect. 2, we review a few major classes
of CPs (nonlinear, mixed, linear), and the formulations of nonlinear optimization
programs as mixed CPs (MCPs). We also describe a canonical CGE model and its
formulation as a square system of complementarity conditions. In Sect. 3, we discuss
the key ideas behind the AMPL/PATH implementations for solving the CGE/MCP prob-
lem using the PATH solver or the automatic software frameworks in CIM-EARTH. In the
Appendix, we include the AMPL/PATH programs for the readers’ reference.

2 The CGE Problem and its Complementarity Formulation

In this section, we first review the definitions of complementarity problems. Then we
introduce a canonical CGE model and derive its corresponding system of complemen-
tarity conditions.
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Table 1 Core AMPL, GAMS, MATLAB code for solving the MCP 0 ≤ x ≤ 3 ⊥ f (x) ≡ (x − 1)2 − 1
in Example 2.2

AMPL cond1 : 0 <= x <= 3 complements (x− 1)∧2− 1;
where “cond1:” is a contraint label

GAMS f.. sqr(x− 1) − 1 =e= 0;
x.lo = 0;
x.up = 3;
model model_name / f.x /;

where “..” is for defining a function, model_name is a user-chosen name,

and “.” is the complementarity operator.

We refer readers to a relevant discussion of pitfalls in GAMS MCP in [Munson
(2000), Section 2.3.3].

MATLAB l = 0; u = 3;
x = pathmcp(x0,l,u,f)

where x0 is an initial value of x , f is a string that is name of an external file

containing the definition of f with the following interface:

function [F,J,domerr] = f(x,jacflag)

which takes two input parameters x and jacflag for dense or sparse Jacobian.

It returns value of f (x) in F, Jacobian of f (x) in J, and error flag in domerr.

We omit the procedure definition here. For more details, please see Munson (2000).

We refer readers to a relevant discussion of pitfalls in MATLAB MCP in [Munson
(2000), Section 2.4.4].

2.1 Nonlinear Complementarity Problems

We formally define the scalar and general forms of nonlinear complementarity prob-
lems (NCPs) below:

• Given f : R → R continuously differentiable, solving a scalar NCP is equivalent
to finding x ∈ R such that 0 ≤ x ⊥ f (x) ≥ 0, where the symbol “⊥” means
equality must hold at one or both sides, i.e.,

or

{
x = 0 and f (x) ≥ 0,

x > 0 and f (x) = 0.

• Given F : R
n → R

n continuously differentiable, solving an NCP is equivalent
to finding x ∈ R

n such that 0 ≤ x ⊥ F(x) ≥ 0, where the symbol “⊥” means
0 ≤ xi ⊥ Fi (x) ≥ 0 for i = 1, . . . , n.

To summarize, in the scalar case, we are given a smooth (taken to mean continuously
differentiable in this article) scalar-valued function. A nonnegative x is a solution to
the problem if one or both of the equalities are true at x . We call x = 0 a degenerate
or trivial solution if f (0) = 0, that is, if both equalities hold. A general NCP is similar
except that we have a vector-valued function. Now a vector x is a solution if it satisfies
one or both of the inequalities componentwise. Clearly, if n = 1, then an NCP is a
scalar problem.
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An NCP is often associated with a system of nonlinear equations with nonnegative
variables, but more often it is a mix of nonlinear equations and nonlinear inequalities.
If the vector-valued function F(x) equals Ax + b for some given square matrix or
linear operator A of order n and some n-vector b, then it is reduced to a linear CP.

The following is an example of a scalar NCP with f (x) being a quadratic function.

Example 2.1 Find x ∈ R such that 0 ≤ x ⊥ f (x) ≡ (x − 1)2 − 1 ≥ 0. We consider
the two cases x = 0 and x > 0:

or

{
x = 0 and (x − 1)2 ≥ 1 ⇒ x = 0 (degenerate),

x > 0 and (x − 1)2 = 1 ⇒ x = 2.

Obviously x = 0 is a degenerate solution since f (x) is also zero. Thus x = 2 is the
unique nontrivial solution.

2.2 Mixed Complementarity Problems

A more general class of CPs is mixed complementarity problems (MCPs). We formally
define the scalar and general forms of MCPs below:

• Given l, u ∈ R and smooth f : R → R, solving a scalar MCP is equivalent to
finding x ∈ R such that l ≤ x ≤ u ⊥ f (x), where the symbol “⊥” means that
one of the following holds:

or

⎧
⎪⎨

⎪⎩

x = l and f (x) ≥ 0,

x = u and f (x) ≤ 0,

l < x < u and f (x) = 0.

• Given l, u ∈ R
n and smooth F : R

n → R
n , solving an MCP is equivalent to

finding x ∈ R
n such that l ≤ x ≤ u ⊥ F(x), where ⊥ means li ≤ xi ≤ ui ⊥

Fi (x) for i = 1, . . . , n.

To summarize, in the scalar case, we are given a lower bound l, an upper bound
u, and a smooth scalar function. We want to find x in the open interval (l, u) such
that one or more of the three defining cases are true. In the general form, an MCP
works with vector bounds l and u, a smooth vector-valued function, so that at each
component, we have a scalar MCP.

An NCP is actually a special case of an MCP with l = 0 and u = +∞. If both
bounds do not exist (l = −∞ and u = +∞), then we have a system of nonlinear
equations; otherwise an MCP is a combination of nonlinear equalities and (double)
inequalities. If F(x) = Ax + b for some square matrix or linear operator A of order
n, and some n-vector b, then we have a linear MCP.

The following is an instance of a scalar MCP. The scalar function is the same
quadratic function as in Example 2.1, but we have an additional upper bound u = 3.
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Example 2.2 Find x ∈ R such that 0 ≤ x ≤ 3 ⊥ f (x) ≡ (x − 1)2 − 1. We consider
the three defining cases in turn:

or

⎧⎪⎨
⎪⎩

x = 0 and (x − 1)2 ≥ 1 ⇒ x = 0 (degenerate),
x = 3 and (x − 1)2 ≤ 1 ⇒ (no solution),

0 < x < 3 and (x − 1)2 = 1 ⇒ x = 2.

The first case yields x = 0 as a degenerate solution since f (x) = 0. The second
case has no solution since the RHS inequality is not satisfied at x = 3. The last case
with x ∈ (0, 3) and f (x) = 0 gives x = 2 as the unique nontrivial solution.

2.3 Casting Optimization Problems as CPs

In this subsection we show two canonical optimization problems that often appear in
economic applications, and we describe how to transform them into complementarity
problems.

2.3.1 KKT to NCP

In broad strokes (see [Nocedal and Wright (2006), Chapter 12] for details), if we
have a nonlinear optimization problem with a smooth objective and smooth inequality
constraints, then a local optimum satisfies the Karush, Kuhn and Tucker (KKT) con-
ditions, independently discovered and rediscovered in the works of Karush (1939)
and Kuhn and Tucker (1951) respectively, as traced in Cottle (2012). In other words,
given f : R

n → R and c : R
n → R

m continuously differentiable, if x∗ is a local
minimum, then we have

x∗ = arg min
x∈Rn

f (x) s.t. c(x) ≥ 0

⇒ KKT: ∃ λ ∈ R
m s.t.

{
∇ f (x∗) − ∇c(x∗)λ = 0,

0 ≤ λ ⊥ c(x∗) ≥ 0.

If, in addition, the variables x are nonnegative, then the KKT conditions can be trans-
formed into an NCP, where the first set of complementary conditions is associated
with the unknowns x and the second set of complementarity conditions is associated
with the Lagrange multipliers λ, namely

x∗ = arg min
0≤x∈Rn

f (x) s.t. c(x) ≥ 0

⇒ NCP: ∃ λ ∈ R
m s.t.

{
0 ≤ x∗ ⊥ ∇ f (x∗) − ∇c(x∗)λ ≥ 0,

0 ≤ λ ⊥ c(x∗) ≥ 0.
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Furthermore, suppose that the objective f and the constraints c are convex functions.
Then the optimization problem is convex and the KKT (NCP) solution is the unique
global optimal solution of the optimization problem (with nonnegative variables).

2.3.2 KKT to MCP

Again, in broad strokes, if we are given bounds l, u ∈ R
n for the unknown x , and

smooth functions f : R
n → R and c : R

n → R
m , then a local optimum x∗ satisfies

the KKT conditions, which implies an MCP:

x∗ = arg min
l≤x≤u

f (x) s.t. c(x) ≥ 0

⇒ MCP: ∃ λ ∈ R
m s.t.

{
l ≤ x ≤ u ⊥ ∇ f (x) − ∇c(x)λ,

0 ≤ λ ⊥ c(x) ≥ 0.

The first set of complementary conditions involves the unknown x in double inequali-
ties, which are orthogonal to the difference between the gradient of f and the product
of the Jacobian of c and the Lagrange multipliers λ. The second set of complementarity
conditions is associated with λ.

Suppose further that the objective f and the constraint functions c are convex. Then
the MCP solution is the unique global optimal solution of the convex optimization
problem. In the next subsection, this technique is applied to the CGE model.

2.4 A Canonical CGE Model

ur CGE model seeks the Walrasian equilibrium prices and quantities of inputs and
outputs that maximize producer profits and consumer utilities, simultaneously sat-
isfying a set of market-clearing conditions. The following example is similar to the
one developed in [Elliott (2010), Sects. 2 and 3] with two sectors (materials industry
labeled “m” and energy industry “e”) and two factors (capital labeled “K” and labor
“L”) in the United States of America (USA). However, we assume no consumer sav-
ings, whose existence would require an additional currency market or CGDS (capital
goods) sector to be introduced into the hypothetical economy. The utility tree [Elliott
(2010), Fig. 2] is reduced to a tree with only two products “Materials” and “Energy.”
For the convenience of readers, we summarize the notation and their meanings here:

• m: materials industry
• e: energy industry
• K : capital provided by consumers
• L: labor provided by consumers
• �o: profits or dividend income from output o
• pi : ratio of current Walras equilibrium price of item i to its base-year price
• yo: ratio of current equilibrium supply quantity of output o to its base-year’s supply

quantity
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• ȳi : upper bound on the ratio of current supply quantity of factor i to base-year’s
supply quantity

• xo
i : ratio of current demand quantity for producing an amount yo using input i to

base-year’s
• xc: ratio of current consumers utility to base-year’s
• xc

o: current consumer demand for ouput o with respect to base-year’s
• r̄o: base-year revenue of output o
• ēo

i : base-year expense on input i for producing output o
• θo

i : normalized share parameter of input i for producing o
• ρo = 1 − 1/σ o, where σ o is the elasticity of substitution for the production of o

For each output, we maximize the difference between (after-tax) revenue and (after-
tax) input costs, subject to the constraints that all the unknowns are nonnegative and
that the output (ym or ye) is to be bounded by a production function of intermediate
or final inputs used in the production process. Without loss of generality, we assume
taxes to be zero in this example.

For consumers as a whole, we maximize their utility (or satisfaction) xc, which is
bounded above by a production function of consumer-demanded inputs and savings
(zero in this example). The model also restricts consumer expenses to be capped by
their incomes and all the variables to be nonnegative.

Further, the model requires the nonnegative prices of products and factors to be
complementary to their excess supplies. These complementarity conditions are known
as “market (clearing) conditions.”

For simplicity, we have omitted the time index in the model. However, it should be
understood that the unknown current equilibrium prices and quantities are calibrated
with respect to their given base-year values. Thus the price and quantity solutions are
consistently one and profits zero if time is set to base year. The resultant calibrated
CGE model is as follows:

Material industry: �m = max
ym≥0, xm

i ≥0
r̄mpmym − ēm

m pmxm
m − ēm

e pexm
e − ēm

K pK xm
K

− ēm
L pLxm

L

s.t. (ym)ρ
m ≤ θm

K L(xm
K L)ρ

m + θm
me(x

m
me)

ρm
,

(xm
K L)ρ

m
K L ≤ θm

K (xm
K )ρ

m
K L + θm

L (xm
L )ρ

m
K L ,

(xm
me)

ρm
me ≤ θm

m (xm
m)ρ

m
me + θm

e (xm
e )ρ

m
me ;

Energy industry: �e = max
ye≥0, xe

i ≥0
r̄epeye − ēe

K pK xe
K − ēe

LpLxe
L

s.t. (ye)
ρe

K L ≤ θe
K (xe

K )ρ
e
K L + θe

L(xe
L)ρ

e
K L ;

Consumers utility: max
0≤yi ≤ȳi , xc

i ≥0
xc

s.t. (xc)ρ
c
me ≤ θc

m(xc
m)ρ

c
me + θc

e (xc
e)

ρc
me ,

ēc
mpmxc

m + ēc
epexc

e ≤ r̄LpLyL + r̄K pK yK

+ �m + �e;
Market conditions: 0 ≤ pm ⊥ r̄mym ≥ ēm

m xm
m + ēc

mxc
m,
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0 ≤ pe ⊥ r̄eye ≥ ēm
e xm

e + ēc
exc

e,

0 ≤ pK ⊥ r̄K yK ≥ ēm
K xm

K + ēe
K xe

K ,

0 ≤ pL ⊥ r̄LyL ≥ ēm
L xm

L + ēe
Lxe

L .

The constraints are known as the constant elasticity-of-substitution (ces) production
functions, which takes the following general form:

ces(xJ ; θJ , γJ , ρ) =
⎡

⎣
∑

i∈J
θi (γi xi )

ρ

⎤

⎦

1/ρ

,

where J is a set of input indices, the parameters θi ∈ [0, 1) are known as share
parameters, γi ∈ [0, 1] efficiency parameters (set to one in our example), and ρ ∈
(−∞, 1) is related to the elasticity of substitution σ := 1

1−ρ
∈ [0,+∞). There are

three well-known limiting cases, which are simpler to evaluate than the general form.
We present them in the order of perfect to zero ease of substitution among inputs in a
production process:

• Linear production function: ces(xJ ; θJ , γJ , ρ)
ρ→1−
−→

σ→+∞
∑

i∈J θiγi xi

• Cobb-Douglas production function: ces(xJ ; θJ , γJ , ρ)
ρ→0−→
σ→1

∏
i∈J (γi xi )

θi

• Leontief production function: ces(xJ ; θJ , γJ , ρ)
ρ→−∞−→
σ→0+ mini∈J {γi xi }.

2.5 MCP Form of the Canonical CGE Model

Converting the above CGE problem to an MCP, altogether we have 27 complementarity
conditions:

Material industry:

�m ⊥ �m = r̄mpmym − ēm
m pmxm

m −ēm
e pexm

e − ēm
K pK xm

K − ēm
L pLxm

L ,

0 ≤ λm ⊥ θm
K L(xm

K L)ρ
m + θm

me(x
m
me)

ρm − (ym)ρ
m ≥ 0,

0 ≤ λm
K L ⊥ θm

K (xm
K )ρ

m
K L + θm

L (xm
L )ρ

m
K L − (xm

K L)ρ
m
K L ≥ 0,

0 ≤ λm
me ⊥ θm

m (xm
m)ρ

m
me + θm

e (xm
e )ρ

m
me − (xm

me)
ρm

me ≥ 0,

0 ≤ ym ⊥ ρm(ym)ρ
m−1λm − r̄mpm ≥ 0,

0 ≤ xm
m ⊥ ēm

m pm − θm
m ρm

me(x
m
m)ρ

m
me−1λm

me ≥ 0,

0 ≤ xm
e ⊥ ēm

e pe − θm
e ρm

me(x
m
e )ρ

m
me−1λm

me ≥ 0,

0 ≤ xm
K ⊥ ēm

K pK − θm
K ρm

K L(xm
K )ρ

m
K L−1λm

K L ≥ 0,

0 ≤ xm
L ⊥ ēm

L pL − θm
L ρm

K L(xm
L )ρ

m
K L−1λm

K L ≥ 0,

0 ≤ xm
K L ⊥ ρm

K L(xm
K L)ρ

m
K L−1λm

K L − θm
K Lρm(xm

K L)ρ
m−1λm ≥ 0,
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0 ≤ xm
me ⊥ ρm

me(xm
me)

ρm
me−1λm

me − θm
meρ

m(xm
me)

ρm−1λm ≥ 0;
Energy industry:

�e ⊥ �e = r̄epeye − ēe
K pK xe

K − ēe
LpLxe

L ,

0 ≤ λe
K L ⊥ θe

K (xe
K )ρ

e
K L + θe

L(xe
L)ρ

e
K L − (ye)

ρe
K L ≥ 0,

0 ≤ ye ⊥ ρe
K L(ye)

ρe
K L−1λe

K L − r̄epe ≥ 0,

0 ≤ xe
K ⊥ ēe

K pK − θe
K ρe

K L(xe
K )ρ

e
K L−1λe

K L ≥ 0,

0 ≤ xe
L ⊥ ēe

LpL − θe
Lρe

K L(xe
L)ρ

e
K L−1λe

K L ≥ 0;
Consumers utility:

0 ≤ λc
me ⊥ θc

m(xc
m)ρ

c
me + θc

e (xc
e)

ρc
me − (xc)ρ

c
me ≥ 0,

0 ≤ λc
E ⊥ r̄LpLyL +r̄K pK yK +�m +�e−(ēc

mpmxc
m +ēc

epexc
e) ≥ 0,

0 ≤ xc ⊥ ρc
me(x

c)ρ
c
me−1λc

me − 1 ≥ 0,

0 ≤ xc
m ⊥ ēc

mpmλc
E − θc

mρc
me(x

c
m)ρ

c
me−1λc

me ≥ 0,

0 ≤ xc
e ⊥ ēc

epeλ
c
E − θc

e ρc
me(x

c
e)

ρc
me−1λc

me ≥ 0,

0 ≤ yK ≤ ȳK ⊥ −r̄K pK λc
E ,

0 ≤ yL ≤ ȳL ⊥ −r̄LpLλc
E ;

Market conditions:

0 ≤ pm ⊥ r̄mym ≥ ēm
m xm

m + ēc
mxc

m,

0 ≤ pe ⊥ r̄eye ≥ ēm
e xm

e + ēc
exc

e,

0 ≤ pK ⊥ r̄K yK ≥ ēm
K xm

K + ēe
K xe

K ,

0 ≤ pL ⊥ r̄LyL ≥ ēm
L xm

L + ēe
Lxe

L .

We note the following properties of the CGE problem or its MCP form:

1. In the CGE model, prices are decision variables of the “market.” They are not
decision variables of an individual industry or consumers.

2. Number of variables in the MCP is equal to the number of variables in CGE, plus
the number of Lagrange multipliers (one from each constraint in the CGE). Thus
an MCP is always larger in size than its associated CGE problem.

3. The definitions of the form “� ⊥ � = ...” in the MCP is written in accordance with
AMPL’s syntax for defining a variable � in terms of other variables or parameters.
(We could have defined U = xc but it is clearly unnecessary.)

4. It is simpler and computationally cheaper to raise ces to the power ρ when ρ is not
approaching one of the three limiting cases, before taking a partial derivative in the

MCP form: ∇xi [ces(x;α, 1, ρ)ρ] = αiρxρ−1
i . Cf. ∇xi ces(x;α, 1, ρ) = αi xρ−1

i

‖x‖ρ−1
α,ρ

.

To solve a CGE problem with both optimization problems and complementarity
conditions in AMPL (or GAMS) as of the current version of the software, we have to
express its MCP form in the modeling language; see next section for more details.
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3 Solving MCP and CGE in AMPL/PATH

AMPL is a well-known mathematical-optimization scripting language. AMPL programs
do not need to be compiled. A free “student” edition is available for download and
installation by anyone to learn about using AMPL to solve the most common opti-
mization problems with up to a few hundred variables, objectives, and constraints.
The software has many optimization solvers developed by various experts from both
academia and industry. The default solver is MINOS, developed byMurtagh and Saun-
ders MINOS (2013). Other commonly used solvers include CPLEX (2013) from IBM
and KNITRO (2013) from Ziena. For complementarity problems, the de facto solver
in AMPL is PATH developed by Dirkse, Ferris, and Munson.

The key references for AMPL/PATH are Chapter 19 of Fourer et al. (2003), and
two articles by Ferris et al. (1999); Ferris and Munson (1999). A gentle introduction
by Choi (2013) reviews the (updated) syntax features in AMPL and PATH that have
evolved since and present sample illustrative programs for solving CPs with AMPL

version 20120629 and PATH version 4.7.03.
CIM-EARTH (Community Integrated Model of Economic and Resource Trajectories

for Humankind) [Elliott et al. (2010)] contains two open-source frameworks called
ASCEF (AMPL Source CIM-EARTH Framework) [ASCEF (2013)] and OSCEF (Open
Source CIM-EARTH Framework) [Choi and Munson (2013); OSCEF (2013)], written
in AMPL and C++ respectively, for specifying and solving the CGE models using PATH.
In both frameworks, input data, model output, emulation algorithms, and validation
procedures are freely available and easily extensible.

In the rest of this section, we illustrate how to solve simple CPs with AMPL/PATH and
highlight some parts in the AMPL/PATH scalar models generated by ASCEF and OSCEF.

3.1 PATH solver for MCPs

Designed for solving an MCP or an NCP, PATH is an iterative method that solves a
linear MCP one step at a time. The solver has desirable convergence properties, being
globally convergent to a local solution, and a locally quadratic convergence rate, which
holds under some strong regularity assumptions. PATH has an optional but powerful
“native” preprocessor designed and written specifically for preprocessing input data,
simplifying and transforming complementarity conditions. Implementations are done
mostly in C, with some parts done in FORTRAN (LUSOL [Gill et al. (1987); LUSOL
(2013)]) and C++ (some other factorizations), with programming interfaces available
in AMPL, as well as MATLAB and GAMS. Binary executable files of PATH for a number
of platforms are available for free download.

Our first AMPL/PATH program solves the NCP in Example 2.1. Since the default AMPL

solver is MINOS, we have to specify “option solver pathampl” to choose
PATH as the solver. It is recommended to turn off the AMPL presolver (in order to
use the PATH preprocessor) by setting “option presolve 0”. PATH also pro-
vides a comprehensive list of options for tuning the solver. For example, a user can
save PATH outputs in a text file by setting option path_options “logfile
= NCP1.log”. To change the convergence tolerance of PATH from default 10−6
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Fig. 2 Solving an NCP in one variable using AMPL/PATH. Left Partial AMPL command-prompt output
and problem statement. Right AMPL/PATH program listing. The mathematical problem statement in the left
box can be easily translated to the code line on the right, that is, 0 <= x complements (x− 1)2 >= 1

to 10−8, we can set “option path_options “convergence_tolerance
= 1e-8”;”, or simply use the first three letters of each part in the option name,
i.e., “option path_options “con_tol = 1e-8”;” After setting AMPL and
PATH options, we declare and initialize variable x to nonzero. Next we write down the
constraint declaration “cond1:”, which is a string label of arbitrary value but man-
dated by AMPL/PATH before defining a complementarity condition. It may be preceded
by the optional AMPL keyword “subject to” [Fourer et al. (2003), Appendix A.9].
Without the declaration, however, AMPL would not proceed to solve a CP. Then we
specify the inequalities separated by the AMPL keyword “complements.” Lastly,
calling “solve” invokes PATH, which returns the solution x = 2. Note that if we had
initialized x to zero, AMPL/PATH would have returned the degenerate solution x = 0.
In solving a CP in AMPL/PATH, it is almost always advisable to initialize variables to
nonzeros.

Our second AMPL/PATH program in Fig. 3 solves the scalar MCP in Example 2.2.
The AMPL program is similar to that in Fig. 2 except that we have double inequalities
being orthogonal to the function definition.

3.2 AMPL Source CIM-EARTH Framework (ASCEF)

The complete code source, parametric data inputs, and AMPL/PATH outputs of the
ASCEF version 1.0.0 are available for browsing at ASCEF (2013); RDCEP (2013).
For illustration, we list in Fig. 4 a segment of AMPL code in ASCEF for generating
scalar forms of the market-clearing complementarity conditions in a CGE problem
(see Section 2.4). It consists of two nested for loops and three printf statements.
Each time the outer loop is entered, a complementarity condition is printed. The first
printf statement prints a constraint label. The second printf command prints the
left-hand-side (LHS) inequality and the AMPL keyword complements. In the inner
loop, the third printf outputs the sum of expenses in the right-hand-side (RHS)
inequality. We note that Producers_Revenues is a four-dimensional array of
numbers that represent the base-year revenues of various products in some regional
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Fig. 3 Solving an MCP in one variable using AMPL/PATH. Left: Partial AMPL command-prompt output
and problem statement. Right: AMPL/PATH program listing

for {k in Region_Commodities[r] diff Homogenous_Commodities} {
printf " Market[%s,%s]\n", r, k; # label
printf " 0 <= price[%s,%s] complements", r, k; # LHS complements
for {p in Producers, rp in Producers_Regions[p]:

(r,k) in Producers_Outputs[p,rp]} { # RHS’s sum of expenses
printf " + %5.4e*out[%s,%s,%s,%s]",

Producers_Revenues[p,rp,r,k]/Markets_Scale[r,k], p, rp, r, k;
}

}

Fig. 4 ASCEF code fragment for generating market-clearing complementarity conditions in a CGE
model

economies. In some instances, the number of variables is as many as 35,000. Without
printf, the AMPL/PATH programs are still syntactically correct and in fact more
compact, but in our experience perform less stably during run time in some cases with
many variables.

3.3 Open Source CIM-EARTH Framework (OSCEF)

Like ASCEF, OSCEF [Choi and Munson (2014); OSCEF (2013); Choi (2013)] is another
well documented [Choi and Munson (2014, 2013)] framework in CIM-EARTH for for-
mulating and solving large-scale CGE models. To facilitate adoption of CIM-EARTH
and integration of data processing and analytic services, we move the implementa-
tion from AMPL to ANSI/ISO C++ and develop standard input and output formats
in OSCEF. In addition, OSCEF provides simple application programming interfaces
(APIs) for reading and modifying standard social accounting matrices (SAMs) and
production-function trees; these data are the key inputs to the CGE models we simulate.
We also define interfaces for setting up and solving CGE problems. These building
blocks can be combined and extended to construct reproducible scientific workflows on
high-performance computing resources that include reading and manipulating inputs,
simulating dynamic models, automating parametric sensitivity analyses, and providing
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param T := 4;
data;
for {t in 1..T} {
solve;
printf "\nperiod %d\n", t;
let yBar_K := yBar_K * 1.05;
let yBar_L := yBar_L * 1.01;
# NOTE: At t=1, all prices, inputs, outputs should be one and Profits zeros.
display p_m, p_e, p_K, p_L, y_m, y_e, y_L, y_m;
display x__m_e, x__m_K, x__m_L, x__m_m;
display x__e_K, x__e_L;
display x__c, x__c_m, x__c_e;
display Profit_m, Profit_e;

}

Fig. 5 A simple for loop used to introduce growth of bounds in technology and labor over time in a CGE
model

analyses and visualization services for results. The package is methodically developed
as supportable scientific software for the purpose of achieving reliable reproducible
research as discussed in Choi (2014).

In Appendix 5, we present OSCEF-generated AMPL code for defining and solving the
MCP problem in Sect. 2.4. It is reproducible by the test case cgeWriteMcpTest
in CgeTest.cpp. All variables in the MCP are initialized to one, or PATH will
simply return zeros for all variables as trivial solutions. The main C++ object classes
for automatically generating the code are Cge, CustUtil, and PdnFcn. For their
usage, see OSCEF API documentation [Choi and Munson (2014)].

To introduce growing time dynamics of technology and labor in the model, we use
ȳt+1

K = 1.05ȳt
K and ȳt+1

L = 1.01ȳt
L . The first time period t = 1 represents the base

year and all equilibrium prices and quantities should be solved to one and profits to be
zeros. In the next time period t = 2 the upper bounds for capital and labor provided
by consumers increase by 5 and 1 %, respectively; see Fig. 5 for the AMPL code that
can be appended to the code in Appendix 5.

3.4 Numerical Results

Figure 6 plots the CPU time dedicated to solving a series of CGE models with increasing
number of variables n using PATH/AMPL. It took less than 3 minutes for 90, 600 vari-
ables/complementarity constraints, demonstrating the power and efficiency of PATH

on this class of problems.
ASCEF 1.0.0 for solving a use case “BTA 16x16” [Elliott et al. (2010), Section 4.2]

about border tax impact on carbon reduction in production, trade, and transportation
processes. The study has 83 MCP problems of CGE models defined over 16 economic
regions, 16 sectors, 4 factors, and 3 marginal commodities. The number of variables
per instance is between 9,671 and 35,802. Each problem took between 1 to 30 seconds
of solution time; a total of about five hours were consumed to successfully solve all
instances to small residual norms.

123



A Complementarity Approach to Solving Computable

10
1

10
2

10
3

10
4

10
−2

10
−1

10
0

10
1

10
2

n

C
P

U
 ti

m
e/

se
c

Fig. 6 Runtime results from modified AMPL/PATH code on a similar but simpler CGE problem of Cai
and Judd (not published)

4 Conclusion

We have presented two open-source automated frameworks ASCEF and OSCEF in the
architectural design CIM-EARTH for generating and solving large CGE problems with
applications in economic and climate policies. They can be considered extended math-
ematical programming (EMP) libraries specialized for handling and solving the scalar
MCP form (KKT conditions) of CGE problems. For future work, we believe it can be
programmatically more efficient to explore the usage of GAMS EMP feature [Ferris
et al. (2009)] for automatically generating the MCP problems associated with CGE

models or other MOPECs.
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